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Abstract. Multi-agent systems (MAS) are well-known for overweighting single agents that 

exhibit several complex tasks. This paper introduces a novel approach to modeling and 

controlling a multi-agent system (MAS) employing a directed and switchable topology. The 

dynamics of the MAS are represented using a mass-spring system model, in which each agent is 

treated as a mass, and the inter-agent relative positions act as springs, generating formation 

forces. The concept of a “formation equilibrium point” is introduced to characterize the 

formation's condition in terms of formation force. By analyzing these equilibria, a formation 

control law is derived to ensure the achievement of the desired formation pattern and shape. It is 

worth highlighting that the formation controller is implemented in each agent, so the MAS does 

not require a powerful computer, which serves as a cntral formation control station. Illustrative 

examples are conducted with a quadcopter formation. The effectiveness of the proposed 

algorithm is demonstrated through various numerical simulations.  
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1. INTRODUCTION 

In recent years, the multi-agent system control and its applications to quadcopter formation 

flight have attracted significant worldwide attention [1-4]. Quadcopters offer advantages such as 

rapid maneuverability, a simple structure, high reliability, and cost-effectiveness compared to 

other unmanned aerial vehicles (UAVs). As a result, their applications can be seen in diverse 

areas, including environmental exploration, atmospheric studies, disaster monitoring, search and 

rescue operations, surveillance, risk zone inspections, and aerial mapping. The collective flight 

of multiple quadcopters, as opposed to individual ones, presents numerous benefits, such as 

increased payload capacity, expanded sensor capabilities, broader surveillance coverage, and the 

ability to accomplish complex tasks [5]. However, addressing the formation control problem 

requires complex analyses encompassing system modeling, control design, and inter-

communication.  

Various strategies have been proposed for the formation control of multiple quadcopters. 

Some studies, such as those in [6, 7], introduced leader-follower formation control algorithms. 

However, these approaches were limited to resolving formation control in two-dimensional 
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space (X-Y plane) and did not consider relative positions during formation shape-keeping tasks. 

Other methods, like in [8], focused on flock formation control but solely addressed shape-

keeping without mentioning formation pattern-achieving. References [9-14] tackled formation 

control using consensus approaches with either undirected or fixed intercommunication 

topologies, which proved resource-intensive and non-scalable.  

To address these drawbacks, studies have emerged on formation control with directed and 

switching interaction topologies. Reference [15] proposed a method with directed and switching 

topologies for UAVs to achieve consensus motions, while [16] presented an algorithm for 

second-order multi-agent systems' formation control. Despite these efforts, challenges persist, 

with limited research capable of providing a formation control algorithm accommodating both 

directed and switching topologies. The references above underscore the ongoing challenge faced 

by worldwide researchers in achieving formation control for multiple UAVs. Most of the prior 

research on formation control for multi-agent systems has been limited to either undirected or 

fixed topologies, with only a few able to offer an algorithm incorporating both directed and 

switching topologies.  

In response to these observations, we conducted an examination of the formation structure 

and formation control law governing multiple quadrotor systems. This paper introduces a novel 

modeling and control design method inspired by the conventional mass-spring system, defining 

formation spring and force terms to represent the connections between agents. Each agent is 

treated as a rigid mass connected to other agents through formation springs, forming a linear 

state-space model for the entire formation. A formation equilibrium state controller is proposed 

using an integral linear quadratic regulator (LQR) optimal control method. The overall control 

scheme includes high-level and low-level controllers, with a distributed algorithm in the high-

level controller for generating reference positions and PID controllers in the low-level controller 

for position tracking. 

Compared with the related existing works, the contributions of this approach are as 

follows. First, the use of a mass-spring system model offers a straightforward and visual method 

for formation modeling and control, with simple stability and controllability analyses. Second, 

this study considers directed and switching inter-communication topologies. In addition, 

distributed formation control laws are proposed based on the formation dynamics model, 

conserving computation resources and ensuring fast convergence. Finally, numerical 

simulations validate the effectiveness of the proposed method. 

2. PROBLEM STATEMENT AND PRELIMINARIES 

2.1. Two-mass – one-spring system 

Consider a viscous friction-free mechanical system, as in Figure 1. The system consists of 

two masses, namely m1 and m2, connecting to each other via a spring with a stiffness of k.  

1x 2x

k
1F

2F

 

Figure 1. A two-mass – one-spring system consists of two masses connecting via a spring.  
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Let vector 2

1 2[ , ]Tx x x=   represents the displacement of 1m , 2m  from a predefined 

origin, and vector 2

1 2[ , ]TF F F=   denotes external forces applied to each mass (see Figure 1). 

Thus, we have: 

1 1 1 1

2 2 2 2

0

0

m x x Fk k

m x x Fk k

−        
+ =        

−        




 (1) 

Manipulating (1), one can get:  

1 2 2 1

2 1 2 1

1 2 2 1

( )
( )

k m m F F
x x x x

m m m m

+
− + − = −  (2) 

Let us define the following state variable, representing the relative position and velocity 

between the masses.  

2 1

2 1

x x

x x


− 
=  

− 
 (3) 

Then, Eq. (2) can be reformulated in the form of a state-space model as: 

A Bu

C

 

 

 = +


=


 (4) 

where 

2 1

1 2

2 1

1 2

0 1
0 1 0

, , ,( )
0 1 0 1

F F
A B C uk m m

m m
m m

 
    = = = = −+     −    

  

 (5) 

2.2. Quadcopter dynamics 

Let ,  , and  respectively represent the roll, pitch, and yaw angles ( / 2   and 

/ 2  );  , ,x y  and z  denote the quadcopter’s position along the inertial , ,x y and z  axes 

(Figure 2). Let , ,x yI I and zI  be the inertia momentums along the , ,x y and z  axes, 

respectively, in the body-fixed frame, m  the mass, and al the arm length of vehicle; 

[ , , , ]T

T p q ru u u u u=  is the control input, and g is the gravitational acceleration. Then, the 

quadcopter dynamics can be described as follows [17]:  
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Figure 2. The quadcopter consists of four motors, out of which two motors (1 and 3) rotate 

counterclockwise, and the other two (2 and 4) rotate clockwise.  

The control input u  is computed from the motor’s forces, 2 ,( 1,2,3,4)i T iT c i=  = , as follows 

( )

1 2 3 4

2 4

1 3

1 3 2 4

( )

( )

T

p a

q a

r D

u T T T T

u l T T

u l T T

u c T T T T

= + + +


= −


= −
 = + − −

 (7) 

where, i  is the i th-motor’s  speed; Tc  and Dc  are the thrust and drag coefficients. 

2.3. Preliminaries 

Assumption 1 (inter-communication topology): All quadcopters have a bidirectional connection 

to each other (quadcopters have access to the information of one another).  

Notation 1: Consider a multi-agent quadcopter system. Let n denote the number of quadcopters. 

Set {1,...,n} = . i  . Mi represents ith quadcopter. The leader is denoted by M1. The formation 

force caused by the spring between agent Mi and agent Mj (briefly called formation force 

between Mi and Mj) is denoted by Fji or Fij (
ij ji

F F= − and 0
ii

F = ). The symbol ( )i
F represents 

( )

( )
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total formation force acting on iM , iF  is a control input (force) applied to control iM . A vector

( ), ,i i i ix y z = and a vector ( ), ,
i i i i

  = respectively represent the position and attitude of iM .  

2.4. Control objective 

The control scheme of each agent involves two loops, i.e., high-level and low-level 

controllers. While the high-level loop plays the role of generating referenced trajectory 
d , the 

low-level loop guarantees that the vehicle tracks the references. The integration of the two loops 

is to force the formation error to zero, i.e., lim( ) 0d
t

 
→

− = . The main results of this work focus 

on finding a novel high-level control law, which will be called formation controller hereafter.  

3. MAIN RESULTS 

3.1. Mass-spring system-based MAS’s dynamics model 

In order to utilize the mass-spring system concept for the dynamic modelling of a MAS, 

the following definitions are introduced.  

Definition 1 (formation spring): Invisible connection between the positions of each two agents 

in a formation is called a formation spring. Each terminal of the formation spring is attached to 

one agent (Figure 3). Stiffness of a formation spring is denoted by 
fK  and represents the 

intensity of connection. The unit of the formation spring’s stiffness is N/m.  

f
K

 

Figure 3. A formation spring is defined to describe the connection between the positions of two agents.  

Definition 2 (formation force): A force vector induced by a formation spring is called a 

formation force, fF , with the following properties.    

The direction of fF  is colinear with the direction of the formation spring.  

The magnitude of fF  is proportional to the extension/compression, l , of the formation 

spring.  

f fF K l= −   (8) 

Definition 3 (formation equilibrium state of an agent): The state of an agent at which the vector 

sum of all formation forces acting on the agent is zero is called the formation equilibrium state 

of the agent.  

0fF =  (9) 
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Definition 2 indicates that the formation forces are independent of the mass of the agents. 

Thus, for the sake of simplicity, all mass of the agents are set as m, and all formation spring’s 

stiffness are set as 
fK .  

1 1 1

2 2 2

( 1)0 0

( 1)0 0

( 1)0 0

f f f

f f f

f f fn n n

n K K K Fm

K n K K Fm

K K n K Fm

 

 

 

− − −       
        − − −
        + =
       
       

− − −         

 

 



 

 (10) 

In (10), subtracting the i-th row by the first-row yields:  

1 1 1( ) ( )i i f i im n K F F   − + − = −  (11) 

Let  

1

1

i

i

i

 


 

− 
=  

− 
 (12) 

Then 

1

i i i i i

i i i

A B u

C

 

 

 = +


=


 (13) 

where  

1

0 1
0 1 0 1

, , , ( )
1 0 10

i i i i ii f
A B C u F Fn K

m
m

 
    = = = = −    −    

  

 (14) 

3.2. Formation controller 

The formation controller, presented in this subsection, consists of two parts, i.e., the 

reference generator and the formation equilibrium state controller.  

3.2.1. Reference generator 

We are now moving on to designing the reference generator.  

The formation force between agents iM  and 
jM  acting on the agent iM  is as:  

( )ji f i jF K x x= − −  (15) 

When Assumption 1 is satisfied, the sum of all formation forces acting on agent iM  is:  

( )

1

( )
n

i

i f i j

j

F F K x x
=

= − −   (16) 

The formation force acting on 1M  is desired to be zero throughout the flight.   
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(1)

1 1

2

( ) 0
n

f l

l

F F K x x
=

= − − =   (17) 

or 

1 1

2

( )
n

f l

l

F K x x
=

= −  (18) 

From (14), we have:  

1i iF mu F= +  (19) 

From (16), (18), and (19), the following are obtained:  

( )

1

2 1

1 1

2 2

1

( ) ( )

( 1)

( )

n n
i

i f l f i j

l j

n n

i f l f i j

l j

i f i

F mu K x x K x x

mu K x n x K nx x x

mu nK x x

= =

= =

= + − − −

  
= − − − − − −  

   

= − −

  

   
(20) 

This total force ( )iF  drives iM  toward the position dix  which satisfies:  

( )

1

( )
n

i

f di j

j

F K x x
=

= −   (21) 

which can be rewritten as:  

1 1
1 2

( ) ( ) ( 1)
n n

i f i f di j f di j
j j

j i j i

mu nK x x K x x K n x x x
= =

 

 
 

− − = − = − − − 
 
 

   (23) 

Manipulating (22), we obtain:  

1
2

1
( 1)

( 1) 1

n

di i i j
jf

j i

m
x u nx x n x

n K n =



 
 

= − − − + − −
 
 

  (24) 

Remark 3: The proposed algorithm is considered a distributed controller as it is implemented in 

each agent, and it generates the trajectory reference for the agent by using that agent’s feedback 

information and the relative state of that agent in relation to other agents.  

3.2.2. Formation equilibrium state controller 

The controllability of the system in (13) is analyzed through a controllability matrix, mC , 

which is defined as:  
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0 1
[ ]

1 0
m i i iC B A B

 
= =  

 
 (25) 

It is straightforward to say that Cm is a full rank matrix. Therefore, it is concluded that the 

system (13) is controllable.  

The full control scheme of each quadcopter consists of a two-level controller, namely the 

high-and low-level controllers, as shown in Figure 4.  

Formation 
Equilibrium 

State 

Controller

Reference 
Generator

Position 
Controller

(PID)

Attitude 
Controller

(PID) i

Tiu

di
i

di

di

Fiu

j
1

Quadcopter Dynamics

pu

qu

ru

High-level controller Low-level controller

 

Figure 4. The distributed control scheme is implemented on each agent in the high-level controller.  

The formation equilibrium state controller is designed as an integral linear quadratic 

regulator (LQR) controller:  

0

d

t

Fi i Iu e  = − +   (26) 

where, 1 1i d ie  = − .   and I  are controller gains.  

The control laws in (25) can be described by a block diagram, as shown in Figure 5.  



iA

iCiB



++

- +

Fiu
1i d i


i

I
+

-

1i

 

Figure 5. Block diagram of the formation equilibrium state controller.  

Remark 1: Clearly, dij ij →  as 1 1di i →  and 1 1dj j → .  

Remark 2: The integral term in the control law (25) plays the role of removing steady-state 

errors (if any) existing in the control performance.  

4. SIMULATION RESULTS AND DISCUSSIONS 

4.1. Simulation assumptions 

The simulation is conducted based on the following assumptions: (i) the attitude 

information of each agent is determined by an inertial navigation system (INS), (ii) the agent’s 



 

 
M. Xuan Nguyen 

 

 170 

altitude is measured either by a ranging sensor, and (iii) the agent’s horizontal position is 

provided by a global positioning system (GPS) receiver module. The agent’s dynamical 

parameters used for the simulation are shown in Table 1.  

In order to effectively demonstrate the proposed method's efficacy, the simulation of 

formation flight control involved two stages corresponding to switching topologies, namely 

Topo. 1 and Topo. 2, as illustrated in Figure 6. Each green arrow within Figure 6 represents 

inter-communication between two agents. For instance, in Topo. 1, quadcopter M2 directly 

accesses information from the virtual leader M1, while M3 only has access to information from 

M2, and so forth. Meanwhile, Topo. 2 is configured in a reverse manner, presenting an 

alternative arrangement of inter-communication dynamics. 

The trajectory of the virtual leader is predefined as: ( , , ) (0.3 ,0.3 ,0.3 )d d dx y z t t t= . The 

formation pattern is planned through the desired relative distances between the quadcopters as: 

21
[0,1,0]d T = , 

32
[ 1, 2,0]d T = − − , 

43
[2,0,0]d T = , and 

14 [ 1,1,0]d T = − . The initial states, including 

position and velocity, of the quadcopters are listed in Table 2.  

Table 1. Quadcopter’s dynamic parameters used for simulation. 

Symbol Value and unit 

m 1.80 kg 

xI  0.0121 kg.m2 

yI  0.0119 kg.m2 

zI  0.0223 kg.m2 

al  0.23 m 

g 9.81 m/s2 

Leader

3M 4M

Leader

3M 4M
Topo.1 Topo.2

2M 2M

1M

1M

 

Figure 6. Two inter-communication topologies (Topo. 1 and Topo. 2) are used in the simulation.  

The agents are desired to form a triangle formation pattern with the leader at the center  

and the others at the corners. 

Table 2. Initial positions of the agents. 

Symbol Value and unit 

1(0)p   0,0,0
T

 

2 (0)p   0.5,1.5,0
T

−  

3 (0)p   1.5, 1.5,0
T

− −  

4 (0)p   1.5, 1.2,0
T

−  
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4.2. Simulation results 

The initial stage of the simulation (Stage 1) spans from 0t =  to 50t = s. At the onset, the 

vehicles are initialized and commence movement from their initial positions. Guided by the 

proposed controller, the agents follow the trajectory reference within a few seconds, as depicted 

in Figures 7 and 8. The convergence time remains consistent at around 7 s for all agents. 

Nevertheless, owing to the predefined inter-communication topology, the agents exhibit varying 

amplitudes of oscillation in their position control performance, as illustrated in Figure 8(a). 

Specifically, for agent M2, the oscillations are 0.1 m, 0.12 m, and 0.11 m along the x-, y-, and z-

axis, respectively. Agent M3 exhibits oscillations of 0.15 m, 0.08 m, and 0.21 m for the x-, y-, 

and z-position, respectively. Concurrently, agent M4 experiences oscillations of 0.3 m, 0.06 m, 

and 0.27 m for its x-, y-, and z-positions. The velocities of the agents also stabilize at the desired 

values after a short period of oscillation, as shown in Figure 8(b). This rapid convergence 

enables the agents to promptly achieve the formation pattern and adhere to the desired 

trajectory.  

 
Figure 7. Formation pattern achieving and formation trajectory tracking control performance  

of the agents along the x-, y-, and z-axis. 
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a) b) 

Figure 8. (a) Position tracking error performance of the agents along the x-, y-, and z-axis;  

and (b) Velocity performance of the agents along the x-, y-, and z-axis. 

At 20t = s, the beginning of the second stage (Stage 2), a sudden switch in the inter-

communication topology from Topo. 1 to Topo. 2 is triggered. Consequently, the formation 

control performance experiences inevitable oscillations. As depicted in Figure 8, the position 

control performance of the agents demonstrates peak-to-peak amplitudes of oscillation not 

exceeding 0.1 m for x-, y-, and z-positions. The formation pattern rapidly re-establishes, and the 

formation trajectory remains stable after approximately 6 seconds. In real-world applications, 

such circumstances may arise due to intentional human actions or, sometimes, accidents 

resulting from system faults. The rapid response of our proposed method holds the potential for 

a variety of reliable and efficient formation flight applications that exert switching inter-

communication topologies to achieve complex tasks.  

5. CONCLUSIONS 

This work introduced a novel strategy to address the distributed control problem of a MAS. 

Based on the mass-spring system, the formation dynamic model is obtained and used in the 

design of the formation controller. The proposed algorithm is applied to a quadcopter formation 

flight control with a time-varying inter-communication topology. The simulation results 

illustrate the efficacy of our approach in attaining the desired formation, accurately following 

the formation trajectory, and sustaining the formation shape during topology changes. 
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Nonetheless, it's worth noting that the formation was represented using a mass-spring model, 

overlooking disturbances affecting inter-communication. Exploring a robust adaptive formation 

control algorithm to handle perturbations stands out as a compelling future work. 
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