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Abstract. This work introduces approximate expressions and provides comprehensive
simulation results to demonstrate the robust convergence of complex variables based on fading
channels in multi-antenna communication systems, in which two separate scenarios, namely
spatial signal processing and non-spatial signal processing scenarios, were evaluated. Numerical
results prove our assertions that for Nakagami-m and Rician fading channels (or can be extended
to any other complex fading channels) in multi-antenna systems with antenna numbers larger
than two, the distribution of interference from the beamforming design, a typical example for
spatial signal processing, and will strongly converge to an exponential distribution with the
scale-parameter remaining the same. Meanwhile, the channel synthesis in the non-spatial signal
processing scenario tends to an exponential distribution with a new scale parameter exactly
equal to the product of the number of antennas and the scale parameter.
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1. INTRODUCTION

The proliferation of fifth-generation (5G) and beyond wireless networks, along with
enhanced latency reduction techniques and optimised bandwidth allocation methods, has led to
dramatic increases in per-user device connectivity [1-3]. The significant rise is largely due to the
extensive deployment of the Internet of Things (10T), which includes environmental sensors,
wearable computing devices, and industrial automation systems. These developments demands
robust and flexible wireless network architectures to meet growing connectivity requirements
[4]. The intensifying demand introduces multifaceted challenges for network infrastructure,
particularly with multiple or large antenna transmitters in high-density deployment scenarios
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where numerous users and devices compete for limited spectral resources. The ongoing increase
in devices presents network operators with the challenge of ensuring sufficient bandwidth
allocation and maintaining latency for each endpoint while preserving overall system
performance metrics [3, 5].

To maintain pace with the technological advancement in signal transmission, the need to
control and amplify signals to maximize transmission is in high demand [6, 7]. Signal processing
techniques in multi-antenna wireless systems optimise data transmission, reduce interference,
and enhance system dependability, particularly in complex fading environments. Interference
management is a major challenge. In the spatial optimisation scenario, beamforming and
precoding are used to direct signals to specific users and minimise spillover [8]. These methods
decrease co-channel interference and increase user signal quality by targeting signal energy. In
crowded areas with many users, interference management is difficult and typically requires
sophisticated spatial strategies like coordinated beamforming or interference-aware precoding to
maintain performance. Equalisation, frequency-domain processing as OFDM, and interference
management use time and frequency domain methods to tackle interference without spatial
directionality [9]. A comprehensive investigation of these challenges demands detailed
implementation. However, current research has mostly evaluated, estimated, or approximated
interference using zero-mean Gaussian random variables and the central limit theorem (CLT)
[10, 11]. Pre-coding and other methods aim for high speed, low latency, low cost, and reliable
signal broadcast. A minimization-maximization algorithm to optimise the down-link sum rate
has been proposed in [12], where an enhanced pre-coding vector handled each user's transmit
signals. Beamforming design is also widely used. In MIMO systems with moderate numbers of
antennas, beam-forming reduced correlated noise and interference [13]. However, traditional
approaches operate well under ideal circumstances, but real-world applications typically include
numerous users sending or receiving signals concurrently, reducing performance. In complicated
multi-user systems, when interference and spatial correlations increase, pre-coding and beam-
forming might become more pronounced [14]. This is exceptionally difficult in large-scale
MIMO systems, where the number of users increases and signal optimization becomes a more
nuanced difficulty. As a result, the ability to precisely control and direct signals toward multiple
users while minimizing cross-user interference diminishes, leading to a degradation in signal
quality for non-targeted users. Moreover, [15] presented a minimization-maximization
algorithm to optimise the downlink sum rate utilising an advanced pre-coding vector for user
signals. Nevertheless, these methods face limitations in multi-user environments. Traditional
precoding and beam-forming techniques struggle to handle cross-user interference, lowering
signal quality. Additionally, switching or all-antenna-on approaches without channel state
information (CSI) yield suboptimal energy and performance, particularly in highly correlated or
crowded signal environments. Consequently, a thorough analysis is necessary to address the
multiple aforementioned issues. However, recent scientific researches only commute an
estimation to zero-mean Gaussian random variables via CLT, as discussed in [16-19].
Particularly, the authors in [17] employed the CLT to examine the variability of mutual
information in large MIMO systems with elliptically correlated channels. Similarly, [20] applied
the classical CLT to model Locational Marginal Pricing (LMP) in power systems.

Typically, hundreds to thousands or even tens of thousands of sophisticated random
components are needed to meet the CLT criteria. This requirement raises concerns about the
validity of the results in the prior research, particularly in practical scenarios where the number
of antennas ranges from 2 to 10. When considered within the CLT framework, systems that
support low to high antenna numbers provide exhibit inconsistent results. CLT efficacy depends
on the quantity of random variables, according to recent studies [10] and [11]. As a result, this
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method depends on a number of variables to ensure various reliable outcomes. From these
observations, the inherent limitations of relying on CLT in practical schemes become evident.
CLT-based models do not adequately represent the performance of systems with fewer random
variables, such as those with low antenna arrays, resulting in not certain accuracy. Therefore, the
robustness of the conclusions from mentioned studies is limited when applied to systems with
lower antenna counts or when attempting to design flexible systems that span a broad range of
antenna configurations.

Motivated by these drawbacks, in this paper, we propose a closed-form expression-based
estimation of the consistent convergence patterns of complex variables in multi-antenna
communication systems experiencing fading channels, delivering high accuracy even with few
element antenna arrays. We investigate two distinct scenarios: one involving spatial signal
processing and another without it (so-called non-spatial signal processing), under both
Nakagami-m and Rician fading channels. Under both Nakagami-m and Rician fading channels,
the interference distribution from the spatial signal processing scheme exhibits strong
convergence to an exponential distribution while maintaining its scale parameter while the
channel synthesis of the non-spatial signal processing scenarios also approaches an exponential
distribution, but with a modified scale parameter that equals the original scale parameter
multiplied by the number of antennas. Due to current mathematical limitations, the proposed
estimation models are verified by utilizing comprehensive numerical simulations. The
simulation results prove that the convergence of individual channels, whether they follow the
Nakagami-m or Rician fading models, transitions to an exponential distribution, achieving high
accuracy even in the scenario with only two antennas. This level of precision is notable, as
achieving such a result with CLT is nearly impossible due to the insufficient number of antenna
elements. In our investigated scenarios, all results demonstrate that convergence occurs quickly
and efficiently even under varying input configuration parameters. This demonstrates the
robustness of the assumed model in handling low-element configurations. These results offer
insights into the behavior of complex fading channels in multi-antenna systems and hold
significant implications for system design and performance evaluation.

2. CONSIDERED SCENARIOS
2.1. Problem statement

In multi-antenna wireless systems, signal processing techniques can be categorized into
spatial and non-spatial processing, each offering distinct approaches to optimizing
communication performance. Spatial processing primarily employs beamforming and precoding
techniques, which enhance transmission quality by strategically directing signal energy toward
intended users while minimizing interference. These methods leverage channel state information
to maximize signal strength at the receiver, thereby improving system reliability, data rates, and
spectral efficiency. Through precise adjustment of signal directionality and structure, the
transmitting device can effectively counteract fading and noise in complex environments.
However, this approach creates a performance disparity: while the primary user experiences
significant gains, secondary users often face limited performance improvements, regardless of
increases in the number of transmit antennas. In contrast, non-spatial processing encompasses
techniques such as equalization, diversity combining, and interference management, where
signals are broadcast without spatial optimization. This approach typically results in more
uniform performance gains across all users as the number of antennas increases, differing from
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spatial processing's pattern of concentrated enhancement for the primary user. The non-spatial
approach offers greater flexibility and versatility in optimizing system performance, particularly
in scenarios where spatial processing may be impractical or inefficient. Together, these
complementary processing strategies provide system designers with diverse options for
enhancing multi-antenna wireless communications, allowing adaptation to various channel
conditions and network requirements.

Y_o

a) Spatial signal processing scenario b) Non-spatial signal processing scenario
Figure 1. lllustration of the considered system models.

Accordingly, a typical multiple antenna system model is considered, where a source (S)
with T antennas is communicating to M single antenna devices (D;, D,, ..., Dy) (or another
typical name is a multi-user MISO system) as illustrated in Figure 1 with T>1 and M>1. Herein,
the fading channel from i € {1, ..., T}-th antenna of Sto j € {1, ..., M} device is modeled by
Nakagami-m and Rician, respectively, as

Naka _ meDi_l —x
f 2(x) = ————exp|— (1)
|hsl-nl-| anjr(msnj) Qsp;
ici 2(Ks,,.+1 x Kgp.—1)x? ) ]
f (x) ) p| —Ksp (0,7 0 )
|ns;o] Qsp; J Osp; Qsp,

where Qsp, is the scale parameter, Ksp, is the Rician K factor, mygp, is the fading parameter,

Io(.) is the O-th order modified Bessel function of the first kind, and I'(.) is the gamma function.
Accordingly, interference from beam-forming design and uncontrolled signal scenarios are
considered, since the beam-forming vector at S cannot be aligned for all devices simultaneously
for downlink models and S also cannot determine individual signals in a complex mixture
without control when considering practical or mathematical designs.

2.2. Spatial signal processing scenario

To take full advantage of downlink system performance, a beam-forming vector design is
introduced at S, as depicted in Figure 1(a). However, considering a practical scenario, only one
user is served by a beamforming vector, while other users receive a signal with interference from

beam-forming designs as mentioned above. For an example, the beam-forming vector for D, can

be designed as wl,, = h{, /||hsp, || with hsp, = [hs,p,, ..., hs,p, | and a conjugate transpose

h?;Dl, accordingly, the received channel gains at D, and D; with j # 1 can be expressed,
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respectively, as

| 2

2 |n :
|hsnlwgnl| = MLDQ = ||hSD1||2 (3)
[hsp, |l
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|hSDiWSDl| - ”hm ”2 : (4)
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Herein, the CDF/PDF of (3) can be easily conducted as in previous studies, while the
general solution for CDF/PDF of (4) still remains an open question. Note that some works as in
[13, 14] introduced that (4) will tend to zero-mean Gaussian random variable based on the center
limit theorem (CLT). However, CLT implies a sufficiently large T, which is not convincing for a
small value of T. Accordingly, we propose a general solution for the CDF/PDF of (4) as

F x)=1-—exp|—), 5
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2.3. Non-spatial signal processing scenario

The second scenario considers a non-spatial signal processing scenario, as shown in Figure
1(b), where the source device communicates with devices without applying/using any signal
control technique. Note that our main focus is on estimating complex random variables of
complex fading channels, in this scenario, the signal quality of all users is improved
proportionally by increasing the number of antennas at the source. This is because only one user
is strongly enhanced by using the beamforming design, while the performance of other users is
not improved, regardless of the increase in the number of antennas as shown in (5). However,
the improvement is only marginal and not as strong as in the single-user beamforming design
scenarios. Mathematically, the received channel gain at j-th D from S can be expressed as

|hsz)j|2 = |hsln]- Tt hSTD]-|2 (7)

2
However, to derive an exact CDF/PDF for |hSDj| is an impossible mission. Then, some

recent works presented an approximation approach based on CLT, as a zero-mean Gaussian

random variable. Similar to the first scenario (spatial signal processing), CLT is not sufficient
2 2
for small values. Therefore, by rewriting |hsn,-| = |Mh5D]_| , We propose a general approach

2
for the CDF/PDF of |hg | as

F, 2x)=1- -
|h51)l-|2(x) exp< MQSDI'>' ®
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In our proposals, the CDFs/PDFs in (5)/(6) and (8)/(9) converge to the exponential
distributions, where the scale parameter of (5)/(6) remains the same and the scale parameter of
(8)/(9) is updated to equal the product of the number of complex variables and the scale
parameter. Notably, the exponential distribution is easier than the next mathematical step for the
complex system models when compared to the zero-mean Gaussian distribution, as assertions in
the previous works as

SD]-

f0) = Lexp(-2,) (10)

where &2 is the variance of the random variable x. As observed, (10) including x?, leading to a
certain mathematical complexity. Furthermore, (10) is estimated relatively through CLT, where
the question "how many components are enough?" is considered as an open question. However,
it cannot be proven mathematically, and the accuracy is verified by comprehensive simulations.

3. SIMULATION RESULTS

In this section, we provide comprehensive results based on 10’ samples of the Monte-Carlo
simulations to corroborate our assertions. All simulation parameters are set as in Table 1. As can
be observed, all simulation results (Sim.) in Figures 2 to 5 well match our proposed method,
demonstrating the high accuracy of our approach (Assumption), regardless of the variety of
parameters.

Table 1. Variety of simulation parameters.

Parameters Symbols Symbols Values
Number of antennas T 1,3,6,9, 20, and 50
Scale parameter ‘QSDJ- 05,1,2,and 4
Nakagami-m fading parameter Msp; 0.5,1,2,and 4
Rician K factor Kspj 0,3,and 9

3.1. Spatial signal processing scenario

Figure 2 examines the PDFs of the received channel at D; under varying antenna settings
T = {1,3,6,9,20,50}, scale parameter an,- ={0.5,1,2,4}, and Mmsp, = {0.5,1,2,4} for
Nakagami-m fading channels, and Ksp; = {0,3,9} for Rician fading channels. As can be
observed, all results indicate some interesting points as:
e For T =1 in Figure 2(a), the PDF of channels from S to D; follows the original distributions

based on the fading channels, where Nakagami-m fading channels are captured by the fading
condition through its shape parameter Msp, and Rician fading channels are characterized by

Ksp,, since beamforming design is not applicable in single-antenna systems. As for T = 3,
the simulation results show a slightly smaller at small x and a slightly larger at large x when

2
compared to the PDF results for |h5Djw;rDj| based on our statement. However, when
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considering in overall view, the difference between the simulation results and our
approaches is almost insignificant. Notably, as observed, the gap between the simulation
results for T=3 and T=9 is almost negligible, demonstrating the strong convergent of

2
|h5Dl.w5TD]_| to the exponential distribution.
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Figure 2. PDF for interference in spatial signal processing scenario.

o Figure 2(b) illustrates the simulated and theoretical channel PDFs in which T is set at 3,
Mgp; is equal to 2, Ksp; is 3, and (g, is varied in the set of {0.5, 1, 2, 4}. The graphs imply
that the PDFs tend to follow an exponential distribution with the same scale parameter, and
the simulation results properly match that of the proposed theoretical analysis.

e Particularly, Figure 2(c) demonstrates the PDF of the channel from S to D; with T of 3, quj
of 0.75 while Mgp, = {0.5,1,2,4} and Ksp; = {0, 3, 9} respectively for Nakagami-m fading
channels and Rician fading channels. The obtained results again confirm that the channel
gain from S to D; also complies with the trend in Figure 2(a) with T # 1. There are minor

2
variations between the simulated and theoretical PDFs of |h5Djw;D],| . A proper match
between these PDFs is verified even with small x and the deviation is negligible when
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2
considering the overall distribution pattern. In other words, the |h5Djw;LD],| strongly
complies with and rapidly converges to the exponential distribution.
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Figure 3. CDF for interference in spatial signal processing scenario.

Although the above results have shown a useful result for the PDF of (4), however, to have
a more comprehensive observation when estimating a distribution, the results for the CDF of (4)
have been presented in Figure 3. Accordingly, the effects of T, Qsp; and Mgp, as well as
Ksp, on the CDF of (5) are piloted in Figures 3(a), (b), and (c), respectively, where the
simulation results match (5) perfectly. Specifically, as discussed in the PDF results, the
simulation results for T=1 follow the principle of Nakagami-m and Rician fading channels, while
T=3 and T=9 present a strong convergent to an exponential distribution with the scale parameter
is not changed. Not only that, the curve gap between the simulation results for T=3 and T=9 is
almost negligible, confirming our observation that a small T is sufficient for (4) to converge.
Mathematically, only the varying setting of T is not enough for our statement, the difference
value of scale parameter quj is examined in Figure 3(b). Herein, (5) once again is confirmed by

the simulation results. Notably, when exploring the difference value of Qsp;, the characteristic

of (5) will be changed, since the distribution depends on the scale parameter. Later, the effect of
Msp, and Ksp,, two importance parameters of Nakagami-m and Rician fading channels, are
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illustrated in Figure 3(c). All results introduce an interesting point that the CDF of the
interference from beamforming design can be approximated as an exponential distribution,
regardless of the varying setting of Msp; and Ksp-

3.2. Non-spatial signal processing scenario

To evaluate our model's robustness and deepen our understanding of signal behavior, we
conducted extensive simulations testing uncontrolled signal conditions across diverse parameter
settings. Figure 4 describes the probability density functions of the channel gain received at D;
are analyzed in detail for different configurations. The analysis covers multiple antenna
arrangements T = {1,3,6,9, 20,50}, various scale parameters Qsp; = {0.5,1,2,4}, and different

fading scenarios - specifically Nakagami-m fading with mgp, = {0.5,1,2,4} and Rician fading
with Ksp, ={0,3,9}. Similar to those of subsection 3.1, the PDF distributions reveal several

noteworthy characteristics. When examining the single-antenna configuration (T = 1), the
channel gain distribution between S and D; adheres to traditional fading patterns. Specifically,
the Nakagami-m distribution is defined by its shape parameter Msp while the Rician

distribution is characterized by Ksp,.
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Figure 4. PDF for interference in non-spatial signal processing scenario.
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This follows naturally from the inability to implement beamforming in single-antenna
systems. For the three-antenna setup (T= 3), there are minor deviations between simulated and

theoretical results for |h50jw5*Dj|z. Specifically, the probability density shows slightly lower

values in the lower range of x and marginally higher values in the upper range. However, these
differences are minimal when considering the overall distribution pattern. A key observation
emerges when comparing the multiple-antenna configurations, i.e. T=3, T=6, and T=9, the

2
results are virtually identical. This similarity strongly suggests that ‘hsu,WsTDj| approaches an
exponential distribution as the number of antennas increases.

Moreover, Figure 4(b) shows the analysis of the probability density functions of channel
gains through both simulation and theoretical approaches, with the following parameters: three
transmit antennas (T=3), Nakagami-m shape parameter Mgp, = 2, Rician factor Ksp; =3, and

varying scale parameters Qsp; = {0.5,1,2,4}. The results demonstrate that the distributions

consistently approximate an exponential pattern with corresponding scale parameters. Notably,
our theoretical predictions align closely with the simulation outcomes.

In addition, Figure 4(c) demonstrates the attained channel gain distributions with three
antennas (T=3) and scale parameter Qsp; = 0.75 across different fading scenarios: Nakagami-m

with mgp, = {0.5,1,2,4} and Rician with Ksp, ={0,3,9}. The results confirm that ‘hSDjw;D]_‘Z
rapidly converges to an exponential distribution, with only minimal deviations between
theoretical predictions and simulations across all values of x.On the other hand, our theoretical
framework's feasibility has been also validated through comprehensive simulations that examine
the cumulative distribution function characteristics across different system configurations and
fading distributions. The simulations explore how the CDF behavior is influenced by three key
parameters: the number of antennas (T), the scale parameter Qsp ;s and the Nakagami-m and

Rician fading parameters (mSD].and Ksp,)- The effects of these parameters on the CDF are

illustrated in Figures 5(a), 5(b), and 5(c), respectively, where the simulation results are in perfect
agreement with the analytical expression given in (9).

For the antenna configuration analysis given in Figure 5(a), simulations with T =
{1,3,6,9,20,50} reveal distinct patterns. When T=1, the results still align with traditional
Nakagami-m and Rician fading characteristics. However, as T increases to greater than 1, says 3,
6, 9, and so on, the distribution strongly converges toward an exponential distribution, with its
scale parameter determined by the product of complex variables and the original scale
parameter. Notably, the minimal difference between T=3 and T=9 cases suggests that
convergence occurs with relatively few antennas.

Moreover, Figure 5(b) implies that the impact of varying scale parameters Qsp,
demonstrates consistent agreement with theoretical predictions. Changes in Qsp, significantly

affect the distribution characteristics, as expected from the theoretical model where the scale
parameter directly influences the distribution properties.

Finally, examining the fading parameters (i.e. Mgp; for Nakagami-m and Ksp; for Rician)

shown in Figure 5(c) reveals a significant finding: regardless of their values, the interference
CDF in non-spatial signal processing systems can be effectively approximated by an exponential
distribution with the updated scale parameter. This observation holds true across different fading
conditions, providing a valuable simplification for system analysis.
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Figure 5. CDF for interference in non-spatial signal processing scenario.

4. CONCLUSIONS

In this paper, we propose an estimation method based on a closed-form expression to
analyse the consistent convergence patterns of complex variables in multi-antenna
communication systems subjected to fading channels, achieving high accuracy even with
few antenna arrays. This work provides comprehensive simulation results to demonstrate the
robust convergence of the sum of complex fading channels in multi-antenna communication
systems, which include the distribution of interference from both the spatial signal processing
scenario and the non-spatial signal processing scenario. Specifically, the distribution of
interference from the spatial signal processing schemes over Nakagami-m/Ricican fading
channels will strongly converge to an exponential distribution with a constant scale parameter,
while that of the non-spatial signal processing systems under similar fading settings also tends to
an exponential distribution with a new scale parameter exactly equal to the product of the
number of antennas and the scale parameter. Herein, numerical results demonstrate that the PDF
of the channel gain and the appropriate CDF are highly converged. As a result, a general
approximation based on our results can be used to derive closed-form expressions in more
complex situations as well as models in future multi-antenna models, instead of an assumption
with a large number of random complex variables to use the central limit theorem.
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