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Abstract. The primary objective of this paper is to present the design and analysis of a symmetric,
fully compliant linear-motion mechanism based on Roberts linkages for potential application in
high-frequency fast tool servo systems used in ultra-precision machining. The proposed structure
employs a four-branch symmetric configuration that provides highly accurate translational guid-
ance, significantly reduces parasitic motion, and enhances stiffness uniformity within a compact
monolithic structure. Analytical modeling using the pseudo-rigid-body method and Lagrangian
formulation was conducted to derive the stiffness and dynamic characteristics, and the results
were validated through finite element analysis. The comparison showed good agreement, with
deviations of 15.72% in stiffness and 10.10% in natural frequency. Static evaluation confirms a
highly linear force-displacement response with exceptionally low parasitic motion (< 0.02%)
and a maximum stress of only 8.5 MPa, well below the yield strength of Al7075. The first natural
frequency of 1289 Hz suggests that the mechanism may be suitable for high-bandwidth FTS
applications. Owing to its high stiffness, low parasitic error, and superior dynamic performance,
the proposed compliant linear guide represents a promising solution for next-generation fast tool
servo systems in ultra-precision diamond turning.

Keywords: ultra-precision, fast tool servo systems, compliant mechanisms, Roberts mechanism,
pseudo-rigid-body model.

1. INTRODUCTION

Ultra-precision diamond turning has become a key manufacturing technology for producing
freeform optics, microstructure surfaces, and high-accuracy components, owing to its capability
to achieve nanometric surface finishes and sub-micrometer form accuracy (Abdulkadir et al.,
2018; Cheung & Lee, 2000; Mishra et al., 2019). To meet the rising demand for machining complex
surfaces, fast tool servo (FTS) systems have been increasingly integrated into ultra-precision
lathes. These lathes operate on the principle of combining high-frequency FTS operation with
sub-micrometer positioning accuracy, allowing the tool to track complex surface profiles in real
time (Tian et al., 2015; To et al., 2006; Yang & Zhu, 2020; L. Zhu et al., 2018).

Traditionally, most FTS units employ assembly-based structures in which a piezoelectric
actuator (PZT) drives a motion guidance system consisting of rigid mechanical guides com-
bined with amplifiers. While such hybrid designs can deliver acceptable stroke and stiffness,
their reliance on sliding or rolling elements inevitably introduces friction, backlash, wear, and
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geometric hysteresis. These factors deteriorate motion repeatability, reduce dynamic bandwidth,
and negatively affect long-term stability during high-frequency machining (Tian et al., 2016;
Wang et al., 2018).

To overcome these limitations, fully compliant mechanisms have attracted considerable
attention for FTS applications. By generating motion entirely through elastic deformation, fully
compliant mechanisms completely eliminate mechanical couplings and thus ensure frictionless,
backlash-free operation with excellent repeatability and structural integrity (Howell, 2001).
However, existing fully compliant FTS mechanisms still have several inherent limitations. First,
many designs still suffer from high parasitic motion. Second, to ensure high-frequency feedback
performance of fast servo tools, the natural frequency of the flexure-hinge tool holder should
be greater than 1000 Hz (Z. Li et al., 2021). However, most FTS mechanisms have low natural
frequencies (200-800 Hz) (H. Li et al., 2021; Liang et al., 2017; Ma et al., 2013), which limits their
application under a wide range of cutting conditions at wide bandwidth. Third, most compliant
designs are based on parallel-guide mechanisms that use only one or two compliant beams,
thereby limiting the guidance accuracy and load capacity (W. Chen, Shi, et al., 2013a; Hubbard
et al., 2004; Liang et al., 2017; Yong, 2020; Z. Zhu et al., 2020).

In recent years, Wan et al. (2016), W. Chen, Jiang, Liu, et al. (2013), and W. Chen, Shi, et al.
(2013a) have used compliant Roberts linear guides in micro-positioning stages, force sensors,
and compliant grippers, respectively, because these guides can approximate linear motion better
than conventional parallel guides, as shown by Hubbard et al. (2004). However, the compliant
Roberts straight-line mechanism in Wan et al. (2016) is typically optimized for low-frequency
operation, and its structural configuration does not fully meet the demanding high-bandwidth
requirements of fast tool servo systems. To date, no research has investigated the application of
a multi-branch, symmetric, fully compliant Roberts-based structure specifically designed for the
dual goals of high dynamic stiffness and minimal parasitic motion in a compact FTS design.

Motivated by these gaps, this study proposes a new fully compliant planar linear-motion
mechanism specifically designed for high-bandwidth fast tool servo applications. The contribu-
tions of this research can be summarized as follows:

- A four-branch symmetric compliant structure: unlike the existing FTS mechanisms re-
ported by Paniselvam et al. (2023), which use one or two parallel guide mechanism modules, the
proposed configuration integrates four compliant Roberts linkages arranged symmetrically. This
multi-branch structure significantly enhances motion linearity, suppresses parasitic rotation,
and ensures uniform stiffness distribution across the mechanism.

- High stiffness-to-footprint performance suitable for high-bandwidth operation: with an
overall size of 70.8 x 63 x 10 mm, the mechanism achieves a first natural frequency of 1289.3
Hz, enabling a wide safe operating bandwidth and reducing susceptibility to resonance during
high-frequency cutting.

- Low parasitic motion tailored for FTS cutting-load conditions: the mechanism maintains
parasitic motion below 0.02%, substantially lower than typical compliant FTS systems. The
symmetric design also improves stability under axial cutting forces, an essential requirement for
diamond turning.

To analyze the behavior of the FTS, the PRBM and the Lagrange equation are used as
effective computational tools in the field of elastic mechanisms. Although the PRBM has been
applied to many compliant structures, its application to the construction and validation of the
model for a four-arm FTS mechanism is also valuable for modeling. The analytical predictions
are systematically compared with the FEA results to verify the stiffness, stress distribution, and
modal behavior.

To make the structure of the study clear, the paper is organized as follows. Section 2 explains
the conceptual design of the mechanism, including its structure and working principle. Section
3 introduces the finite element modeling process, describing the meshing method, boundary
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conditions, and the procedures for static and modal analysis. In Section 4, the study examines
how flexure-hinge thickness, hinge length, initial beam angle, and material properties affect
the output performance of the FTS mechanism. Section 5 develops an analytical model using
the PRBM to determine the stiffness and dynamic behavior. Section 6 evaluates performance
results, compares analytical predictions with numerical simulations, and discusses sensitivity
and parasitic motion. Finally, Section 7 summarizes the main findings and outlines future work.

2. DESIGN OF THE FULLY COMPLIANT PLANAR LINEAR-MOTION MECHANISM

2.1. Conceptual design
Spindle

In this research, a fully compliant planar
linear-motion mechanism was developed for inte- Work piece
gration into an FTS system used in ultra-precision Tool
diamond turning (Fig. 1). Within the diamond- PZT
turning configuration, the FTS unit is installed on
the Y —slide of the machine tool and actuated by a
PZT. The motion generated by the PZT is conveyed
to the cutting tool through flexural joints, enabling
rapid and highly accurate positional adjustments

throughout the machining operation.

. Fast Tool
2.2. Design parameters

Servo

The proposed mechanism utilizes the funda-
mental kinematic principle of the Roberts straight-
line mechanism, as described by W. Chen, Jiang,
Chen, and Liu (2013), W. Chen, Jiang, Liu, et al. (2013), Paniselvam et al. (2023), and Wan et al.
(2016), but integrates it into a novel symmetric multi-branch configuration to enhance stiffness
and dynamic performance (Figs. 2(a)—(c)). This design uses a planar monolithic structure fab-
ricated from a single piece of material, which ensures high manufacturing accuracy, excellent
geometric repeatability, and eliminates assembly errors.

The mechanism comprises the following key components:

- Piezoelectric actuator (PZT): providing the input displacement or input force.

- Roberts’ straight-line mechanisms: integrated symmetrically on both sides of the central
stage to guide linear motion with minimal parasitic rotation.

- Tool-holder stage: located at the top center, directly connected to the cutting tool for
transferring amplified displacement to the machining point.

Fig. 1. A FTS system in ultra-precision
diamond turning

Cutting tool

Fixed hole

PZT actuator

(@) (b)
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Fig. 2. Schematic diagram of the FTS

The geometry of this fully compliant, planar, linear-motion mechanism is characterized by
several critical design parameters, as summarized in Table 1.

Table 1. Basic design parameters of FTS

Symbol Descriptions Value  Unit
h Thickness of the mechanism 10 mm
l Length of flexure hinge 8 mm
e Distance between movable plate and RSM mechanism 2 mm
t Thickness of flexure hinge 0.6 mm
) Angle of inclination of flexure hinge relative to the vertical 60 degrees
w Width of mobile element 25 mm
H Overall height of the FTS 70.8 mm
W Overall width of the FTS 63 mm

Overall dimensions of FTS: 70.8 x 63.0 x 10.0 mm

2.3. Working principle

The proposed mechanism operates by transmitting the displacement generated by the PZT
to the central moving stage through a set of symmetrically arranged compliant Roberts linkages.
When the PZT expands or contracts, the input motion is delivered to the flexure hinges, causing
the compliant beams within each Roberts mechanism to deform elastically. This deformation
enables the coupler stage to move along a nearly straight trajectory.

The four-branch symmetric configuration plays a critical role in ensuring high translational
accuracy. Each Roberts linkage contributes to motion guidance, and their symmetric placement
cancels out lateral forces and rotational moments that would otherwise introduce parasitic
motion. As a result, the central stage experiences predominantly unidirectional displacement
with extremely low off-axis components.

During operation, the compliant beams undergo bending while the rigid sections act as
transmission links that preserve kinematic relationships inherent to the Roberts mechanism.
This combination allows the structure to approximate straight-line motion without the need
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for sliding or rolling joints. The monolithic construction further enhances repeatability by
eliminating assembly errors and frictional effects typically found in conventional guiding
mechanisms.

2.4. Fabrication Considerations

The performance of flexible mechanisms often depends heavily on the precise fabrication of
thin flexural hinges, which govern the stiffness and deformation of the mechanism. As reported
by Chau et al. (2018), Y. Liu and Zhang (2021), and Wei et al. (2018), hinge thicknesses are
typically only 0.3 to 1.5 mm; therefore, machining by conventional methods can introduce burrs,
residual stresses, or geometrical deviations, which alter the stiffness and secondary motion
predicted in analytical and FEM models. To achieve the required dimensional accuracy and
surface quality, Miller et al. (2005) identified Wire-EDM as the preferred method due to its ability
to produce high-aspect-ratio flexural hinges with minimal thermal or mechanical deformation.
Alternative processes such as laser micromachining or micro-end milling can be used, but heat-
affected zones or tool-induced errors must be carefully controlled, as noted by Le et al. (2025).
Since the bending stiffness is proportional to approximately t> according to beam theory, even
small changes in thickness can significantly alter the static and dynamic properties discussed in
the following sections. Therefore, post-fabrication inspection is essential to ensure that the hinge
dimensions conform to the design specifications and maintain the desired motion accuracy of
the mechanism. Within the scope of this study, the effects of the machining method on the
performance of the proposed FTS were assumed to be very small and were neglected during the
FEM analysis and analytical calculations.

3. FINITE ELEMENT MODELING

FEA was conducted using ANSYS 19.2 to investigate the structural characteristics of the
proposed FTS. Al7075, whose technical specifications are shown in Table 2, was selected as the
structural material for the simulations.

Table 2. Specifications of Al7075, from F. Chen et al. (2025)

Yield strength (MPa) Density (kg/ m?) Young’s modulus (MPa) Poisson’s ratio
503 2810 71,700 0.33

A small-deformation analysis was carried out
to evaluate key performance indicators, including
output displacement, stress distribution, and nat-
ural frequencies. The mesh was initially generated
automatically and subsequently refined at critical
regions, particularly near the flexure hinges, to
enhance computational accuracy. The correspond-
ing simulation parameters are summarized in Ta-
ble 1. The boundary conditions were defined by
constraining the holes, while an input force of 50 N
was applied at the middle of the movable element.
The numerical model comprised 129,385 nodes and
76,178 elements, as listed in Table 3. A medium-
level mesh refinement strategy was adopted, in
which coarser elements were assigned to the relatively rigid regions, and finer elements were
concentrated in the deformable zones to achieve an optimal balance between accuracy and
computational efficiency, as illustrated in Fig. 3.

Fig. 3. Meshed model of the FIS
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Table 3. Technical information on FEA
Element Number Number Mesh Mesh

Element . .

vpe size of of quality Orthogonal

yP (mm) Nodes Elements (Smoothing) Skewness Quality
Average

SOLID 1.0 129385 76178 Medium 0.45 0.55

187/ Test10 Standard deviation

0.19 0.19

The mesh quality evaluation summarized in Fig. 4(a) indicates that most deviation values
range from 0.13 to 0.75, yielding a mean of approximately 0.45. According to the ANSYS
mesh quality index, this range corresponds to a good quality classification (0.50-0.80). As
shown in Fig. 4(b), the average orthogonal quality of 0.55 also falls comfortably within the
permissible interval of 0.20-0.69, demonstrating that the element shapes are appropriate for
the intended analysis. The relatively low standard deviations of both measures (~0.2) further
reflect a consistent and well-conditioned mesh free from significant distortion. The integration
of localized refinement and smoothly graded transitions in highly deformable regions enhances
numerical robustness. Collectively, these characteristics ensure that the finite-element model
maintains the stability and precision necessary for dependable simulation outcomes, consistent

with the criteria discussed by ANSYS Inc. (2013) and Ferrara-Bello et al. (2021).
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Fig. 4. Mesh metric: (a) skewness distribution; (b) orthogonality quality distributions
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Under the action of the input force from the PZT actuator, the cutter moves along the
Y-axis to engage the workpiece, thereby performing the cutting process and causing structural
deformation in the elastic mechanism. As shown in Figs. 5 and 6, the maximum stress and strain
appear at the two ends of the flexure hinge. To examine its resonance behavior, the dynamic
response was analyzed, with the first six natural vibration modes and their corresponding
resonance frequencies (Table 4) illustrated in Fig. 7.

A: Static Structural
Equivalent Elastic Strain
»e: Equivalent Elastic Strain

Unit: pm/pm
Time: 1
Time: 1 12/7/2025 9:23 AM
12/7/2025 9:19 AM

D.DDD39538 Max
28.278 Max 0.00035145
0.00030752
0.00026358
0.00021965

0.0001 jf\ II
adosies
Fig. 5. Stress distribution of the FTS Fig. 6. Strain distribution of the FTS
Table 4. The first six modes of natural frequency of FTS
Mode 1 2 3 4 5 6

Natural frequencies (Hz) 1289.3 3282 4730.6 4966.1 7854.3 8050.1

B: Moda

11.322 Max
10.064

8.8057

10.081 Max
8.9607
7.8406
6.7206
5.6005

Mode 1 Mode 2 Mode 2

13.687 Max
12167
10.646

12.224 Max
10.866

24223 Max
21531

1884

Mode 5 Mode 6

Mode 4

Fig. 7. The first six natural frequencies of FTS
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The modal analysis reveals that the first six natural frequencies of the FT'S mechanism range
from 1289.3 Hz to 8050.1 Hz. The fundamental mode occurs at 1289.3 Hz, which is significantly
higher than the typical excitation range observed in fast tool servo diamond turning (typically
around 300-800 Hz) reported by H. Li et al. (2021), Liang et al. (2017), and Ma et al. (2013).
This frequency separation suggests that the mechanism is unlikely to experience resonance
during normal cutting operations. The higher-order modes, ranging from 3282 Hz to 8050.1 Hz,
further indicate that the structure maintains substantial dynamic stiffness, supporting stable
high-bandwidth actuation.

4. SENSITIVITY ANALYSIS

To evaluate the robustness and long-term performance of the proposed FTS mechanism,
a comprehensive sensitivity analysis was undertaken. The investigation concentrated on the
geometric attributes most likely to affect the output characteristics of the flexure hinge. Prior
studies consistently indicate that the stiffness and dynamic response of compliant mechanisms
exhibit pronounced sensitivity to hinge thickness, hinge length, and overall beam geometry.
Guided by these insights, the present study selected the hinge thickness (t), hinge length (1),
and the initial beam angle (6,) as key design variables for systematic assessment. Finite element
simulations were carried out by varying each parameter individually while keeping all other
geometric and material properties fixed. The resulting performance trends and comparative
outcomes are summarized in Table 5.

Table 5. Sensitivity summary of the proposed compliant FTS mechanism

Parameter Variation Displacement Stiffness Max stress Natural frequency

(pm) (N/pm) (MPa) (Hz)
Hinoe 05 2433 2.06 30.70 1171.9
e 0.6 20.26 247 28.30 1289.3
() 0.7 16.62 3.01 25.10 14292
0.8 13.63 3.67 21.80 1585.5
7 17.03 2.03 27.90 1408
Hinge length 8 20.26 2.47 28.30 1289.3
I (mm) 9 23.15 212 27.70 1204.4
10 26.08 1.89 27.40 11334
55° 19.17 26 25.99 13332
Initial angle 60° 20.26 2.46 28.30 12983
6, (deg) 65° 2223 2.4 31.30 12221
70° 23.36 2.14 32.60 1180.9
65Mn
(E - 211 GPa) 7.04 7.10 28.27 1308.30
Al7075 20.26 2.47 28.30 1298.30
. (E = 71.7 GPa)
Material (E) Ti6AIAV
(E - 115 GPa) 12.54 3.08 28.29 1295.00
Stainless steel 7.61 6.57 28.27 1266.50

(E = 193 GPa)
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4.1. Effect of flexure hinge thickness

Based on Table 5, the relationship between the thickness t of the flexure hinge, the natural
frequency, and the generated stress is plotted as shown in Fig. 8.

It is evident that the hinge thickness (t) has the strongest and most direct impact on both
the static and dynamic characteristics of the proposed compliant FTS mechanism. As shown in
Table 5 and illustrated in Fig. 8, increasing t from 0.5 mm to 0.8 mm results in a simultaneous
increase in natural frequency and a decrease in maximum stress, reflecting a clear stiffness-
enhancing effect. When the hinge becomes thicker, the flexure beam develops substantially
larger bending rigidity, which restricts elastic deformation and consequently reduces stress
concentration in the hinge region. Specifically, the maximum stress drops from 30.70 MPa at
t = 0.5 mm to 21.80 MPa at t = 0.8 mm. This decreasing trend indicates a more favorable stress
distribution under loading and improved structural robustness.

In contrast, the natural frequency increases monotonically from 1171.9 Hz to 1585.5 Hz
as t increases. This is consistent with the dynamic behavior in compliant structures, where
higher hinge stiffness leads to higher global dynamic stiffness, thereby elevating the resonant
frequencies. The near-linear growth in natural frequency also demonstrates that hinge thickness
is a highly effective design variable for tuning the dynamic bandwidth of the FTS mechanism.

4.2. Effect of flexure hinge length

The length of the flexure hinge (/) plays an important role in determining the compliance
and deformation curvature, and consequently influences both the stress distribution and the
dynamic stability of the proposed FTS mechanism. The numerical results in Table 5, together
with the trends illustrated in Fig. 9, show that variations in / produce systematic changes in the
natural frequency and maximum stress.
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Fig. 8. The relationship between the thickness of ~ Fig. 9. The relationship between the length of the
the flexure hinge, the natural frequency and the  flexure hinge, the natural frequency and the gener-
generated stress ated stress

As the hinge length increases from 7 mm to 10 mm, the natural frequency decreases
markedly from 1408 Hz to 1133.4 Hz. This monotonic reduction reflects the increased geometric
flexibility of a longer hinge, which lowers the effective bending stiffness of the flexure and
therefore reduces the dynamic stiffness of the entire mechanism. The trend indicates that / is a
highly sensitive parameter for tuning the resonant behavior of the system. Short hinges favor
high-bandwidth operation, while longer hinges decrease the resonant frequency and may limit
the achievable tool servo speed.
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The maximum stress exhibits a milder, non-monotonic variation compared with the natural
frequency. As shown in Fig. 9, stress initially increases from 27.90 MPa at /| = 7 mm to a
peak of 28.30 MPa at | = 8 mm, followed by a gradual decrease to 27.40 MPa at [ = 10 mm.
This behavior can be attributed to the redistribution of bending curvature within the hinge.
At shorter lengths, deformation is localized, resulting in higher stress gradients; increasing !
reduces curvature concentration, thereby lowering peak stress. The slight rise at | = 8 mm is
consistent with a transitional configuration where the deformation shape shifts before becoming
more uniformly distributed at longer hinge lengths.

4.3. Sensitivity to initial flexure angle

The initial flexure angle 6, governs the geometric orientation of the compliant beams and
directly affects the kinematic transmission and bending characteristics of the Roberts-based
mechanism. As shown in Table 5 and Fig. 10, variations in 6, result in clear and systematic
changes in both the natural frequency and the maximum stress.

When 6, increases from 55° to 70°, the natural frequency decreases from 1333.2 Hz to
1180.9 Hz. This downward trend indicates that larger inclination angles reduce the effective
axial stiffness of the compliant linkage. At higher angles, the flexure beams deform with a
greater lateral component, introducing additional compliance into the structure. Consequently,
the system becomes dynamically softer, leading to lower resonant frequencies. This behavior
shows that the initial angle is a critical parameter for tuning the dynamic bandwidth of the FTS
mechanism.

Maximum stress exhibits the opposite trend: it increases steadily from 25.99 MPa at 6, = 55°
to 32.60 MPa at 8, = 70°. This rise in stress is attributed to the larger bending moment induced
in the flexure beams when they are oriented at steeper angles. As 0, increases, the deformation
path becomes more curved, concentrating strain within the hinge region and elevating the peak
stress value. This effect becomes more pronounced beyond 65°, where the rate of stress increase
is higher.

1400 T T 35
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—E— Max Stress 134
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Max Stress (MPa)

1150 | ‘ ‘ 25
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Fig. 10. The relationship between the initial angle of the flexure hinge, the natural frequency
and the generated stress

4.4. Influence of material stiffness

Material stiffness, represented by Young’s modulus (E), plays a central role in determining
the global rigidity and deformation characteristics of the compliant mechanism. To evaluate this
influence, four structural materials with distinct elastic moduli were examined: 65Mn spring
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steel, A17075, Ti6Al4V, and stainless steel. The corresponding values of displacement, stiffness,
maximum stress, and natural frequency are summarized in Table 5.

The results show a clear inverse relationship between material stiffness and output displace-
ment. Materials with higher Young’s modulus, such as stainless steel (E = 193 GPa) and 65Mn
(E =211 GPa), produce significantly smaller displacements of 7.61 um and 7.04 pm, respectively.
Conversely, Al7075, with a comparatively lower modulus (E = 71.7 GPa), enables a much larger
displacement of 20.26 pm. This behavior reflects the inherent reduction in compliance of stiffer
materials, which limits the flexural deformation of the hinge.

Stiffness values follow the expected trend: 65Mn and stainless steel yield the highest stiffness
values (7.10 N/um and 6.57 N/um), whereas Al7075 provides the lowest (2.47 N/pm). Ti6Al4V
exhibits intermediate stiffness (3.98 N/pm) due to its medium-range elastic modulus. This
demonstrates that the global stiffness of the compliant mechanism is highly sensitive to material
selection and can be tuned effectively through appropriate material engineering. Maximum
stress remains nearly constant across different materials (~ 28 MPa), indicating that stress levels
are predominantly governed by geometric deformation rather than material stiffness. This also
implies that all tested materials operate well below their yield limits under the applied loading
conditions.

The natural frequency exhibits only moderate variation with material stiffness, ranging
from 1266.5 Hz for stainless steel to 1308.3 Hz for 65Mn. Although the changes are moderate
compared with geometric parameter variations, they confirm that material stiffness contributes
to improving dynamic bandwidth.

The sensitivity study shows that hinge thickness () is the most influential parameter,
strongly affecting stiffness, maximum stress, and natural frequency due to its dominant role in
flexural rigidity. Hinge length (/) and initial angle (6,) have moderate but predictable effects on
displacement and dynamic response, while material stiffness mainly shifts overall compliance
without significantly altering stress levels. Overall, the proposed FIS mechanism demonstrates
stable and consistent behavior across parameter variations, confirming its robustness and
providing clear guidelines for tuning performance in high-bandwidth applications.

5. STRUCTURAL MODELING

Building on the insights obtained from the sensitivity analysis, it becomes evident that
the geometric parameters of the flexure hinges play a decisive role in shaping the mechanical
response of the compliant mechanism. To better understand the underlying relationships
between these parameters and the resulting stiffness and dynamic characteristics, a more
rigorous analytical framework is required. This section develops a detailed structural model
of the proposed FT'S mechanism based on the pseudo-rigid-body method and the Lagrangian
equation following Ho et al. (2019). This analytical model not only clarifies the contribution of
each structural component but also establishes the foundation for predicting system stiffness,
equivalent mass, and natural frequency, thereby complementing and validating the numerical
findings presented earlier.

5.1. Stiffness analysis

The FTS introduced in this work features an integrated configuration composed of four
compliant Roberts mechanisms (Fig. 11), each governed by the kinematic principles outlined
in Fig. 12. When an external force is applied to the terminal point of the coupler extension, the
corresponding flexural beams experience elastic deformation, resulting in an approximately
linear displacement. To characterize the stiffness behavior of the Roberts mechanism, the PRBM
is adopted. This modeling framework transforms the compliant structure into an equivalent
rigid-body system, where the elastic behavior of flexural elements is represented by torsional
springs located at virtual joints. Such an approach enables the use of well-established rigid-body
kinematic formulations for analyzing and designing compliant mechanisms. As illustrated in
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Fig. 13, the PRBM of a single compliant Roberts mechanism replaces the two flexible beams
with four identical torsional springs and two rigid links, effectively capturing the system’s
deformation characteristics. The basic design parameters of the mechanism are presented in

Table 6.

%,

Coupler point

Fig. 12. An example of a compliant Roberts mech-
anism’s operation, adapted from Wan et al. (2016)

Fig. 13. (a) one Roberts mechanism’s PRBM, (b) flexible beam deformation, (c) flexible beam PRBM, and
(d) beam element parameters, adapted from W. Chen, Shi, et al. (2013b)

Table 6. Basic design parameters of the Roberts mechanism

Parameter Symbol Value Unit
Dimensions of flexible links 2 and 4 I, 1 8 mm
Dimensions of flexible links 2 and 4 hy, hy 10 mm
Dimensions of flexible links 2 and 4 tr, ty 0.6 mm
Dimensions of flexible link 3 I3 12 mm
Dimensions of flexible link 3 hs 10 mm
Dimensions of flexible link 3 t3 5 mm
Dimensions of flexible link b3 Iya 12.9 mm
Dimensions of flexible link b3 hps 10 mm
Dimensions of flexible link b3 tys 5 mm
Link 2 and 4’s initial angle 020, 040 60° degrees
Link 3’s initial angle in joint B B30 0° degrees
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The stiffness of the structure is determined by Hooke’s law using Eq. (1):

F
KSyt ~ ?/ (1)

here, y denotes the displacement of the movable plate, while F represents the corresponding
applied force.
The determination of these two parameters is carried out through the equations provided
below: .
y =13 (cos By — cos Oy) + b3 sin b3 + 53 (cosf3—1), ()

(h32 —2) A + (h32 — 2hg) AOy + (1 + hyp — 2h3p) AB3 3)

rpsinfy + hsp (% sin 63 — b cos 63) ’
where 0;, 0;, and 06;(i = 2,3,4) denote, respectively, the initial angle, the maximum angular
position, and the corresponding angular variation of link i. The variable r; represents the length
of link i, while b; defines the minimum distance from the centroid of link 3 to its associated
joint. The parameter N; designates the total number of Roberts mechanisms employed in the
configuration, which is four in the present study. The torsional spring constant, Ko, is evaluated
using the following governing equation

F = NrKy x

593 ry sin (94 — 92)
= —-—nM-— 4
h32 594 r3 sin (93 - 94) ’ ( )
(594 T2 sin (93 — 92)
hyp = =2 = 22 2/ 5
2756, rasin (63— 64) ©)
and L
El t

In the formulation of the PRBM, the parameter y denotes the characteristic radius factor,
whereas K, represents the rotational stiffness coefficient. Following Wan and Xu (2016), these
parameters are approximated as 0.852 and 2.65, respectively.

5.2. Equivalent mass analysis

Within the PRBM framework, a single compliant Roberts mechanism is abstracted as a
system comprising four identical torsional spring elements (K;; = K, = Kj3 = Ky4) and two
lumped masses equivalent to the flexible members (m3 = m13), as depicted in Fig. 13(a).

Given that my = my, [ = J4, and ro = r4, the parameter /m; can be expressed as follows:

1
Ji = osmil?, )
1 J2
Imy, = Imy = Emz + % (8)

The masses my and m4 are determined using the expression m; = my = X t X h X p, where
p represents the material’s density.
The kinetic energy of the PRBM system can be formulated as follows:
1 1 1 1 1
T = EmRuz = Em%sz + Emzv% + (2m3v%13 + ]3(0%) + (Zmbgv§3 + ]b3w§> . 9)
In this model, mr denotes the equivalent mass corresponding to a single compliant Roberts
mechanism, while m; and J; represent the mass and mass moment of inertia of link i(i = 3, b3),
respectively. The lumped masses attributed to the two flexible members are reported by W.
Chen, Jiang, Liu, et al. (2013). Moreover, u designates the velocity of the coupling point, w3 the
angular velocity of link 3, and vg, vc, Vi3, and vp3 the linear velocities of their associated points.
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From the classical kinematic formulation of rigid-body motion in a four-bar linkage, it is well
recognized that:

vp=vc = f(0,u), Uyg =g (02, 1t), Upyg =h(02,u), and w3 = q (6, u). (10)

Consequently, the equivalent mass corresponding to an individual Roberts mechanism can
be determined as follows:

1
mg = (m3 +m3) + pms + s + P (Ja+Tu3), (11)
where
2 2 2
7’3 1"3 b3 b3
=5 = T =|1-—= =1-=—]. 12
X=75 tghr + b3, « 4x2c0520,’ B < X) , and ¢ < 2?() (12)

The equivalent mass of the system is given by:
Mgyt = dmpg + Moo, (13)
where 11,0, is the mass of the movable plate calculated as described by Ho et al. (2019).
5.3. Dynamic modeling

The Lagrange equation of Ho et al. (2019) is used to describe the free oscillation of the FTS
mechanism; the governing equation is defined as follows:

MSyty + KSyt]/ =0, (14)

where jj and y are the input displacement and the acceleration, respectively; Ms,; and Ks,; are
the equivalent mass and stiffness of the FTS.
Solving Eq. (14), the natural frequency of the FIS is obtained by:

1

6. PERFORMANCE EVALUATION

After the structural characteristics of the FTS mechanism are established through both
analytical modeling and parametric sensitivity analysis, this section evaluates the performance
of the FTS under representative loading conditions. While the previous sections have clarified
how geometric and material parameters affect stiffness and dynamic behavior, the current
analysis focuses on quantifying the responses of the mechanism when subjected to external
forces.

To perform this analysis, the optimal design parameters listed in Table 1 were used, and
a series of finite element simulations was performed to examine the relationship between the
applied input force and the tool displacement. To ensure the stability of the analysis, the input
force was varied from 1 N to 15 N, and the output responses and generated stresses were
recorded. The numerical results are summarized in Table 7 and illustrated in Fig. 14.

The results presented in Table 7 and Fig. 14 demonstrate a distinct linear correlation between
the input force and the output displacement of the FTS mechanism. As the input force increases
from 1 N to 15 N, the output displacement proportionally rises from 0.40 um to 6.07 pm,
confirming that the mechanism exhibits stable elastic behavior throughout the tested force range.
Additionally, parasitic motion increases slightly with the applied force, reaching 0.0011 pm at
15 N. However, the ratio of parasitic motion to output displacement remains nearly constant
at approximately 0.02%, indicating that parasitic motion scales proportionally with the main
displacement. The extremely low ratio (< 0.1%) verifies the mechanism’s excellent directional
motion capability with minimal undesired movement.

Table 7 also reveals that the stiffness of the mechanism remains nearly constant at 2.46
N/pm under all loading conditions. This consistent stiffness behavior indicates predictable
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and reliable mechanical performance, which is essential for high-precision applications. The
stress analysis further supports the structural soundness of the design: the maximum stress
generated under a 15 N input force is 8.5 MPa, far below the allowable stress limit of the AL7075
material (503 MPa), demonstrating a high safety margin and ensuring long-term durability and
reliability.

Table 7. Static performance analysis of the FTS mechanism

Input Output Stress Parasitic motion Ratio (%) Stiffness of
Force (N) displacement (um) (MPa) Parasitic motion (um) ano o) pre (N/pm)
1 0.40 0.6 0.0001 0.02 2.46
3 1.21 1.7 0.0002 0.02 2.46
6 2.43 34 0.0004 0.02 2.46
9 3.64 5.1 0.0007 0.02 2.46
12 4.86 6.8 0.0009 0.02 2.46
15 6.07 8.5 0.0011 0.02 2.46
7 1.5
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Fig. 14. Relationship between input force, output displacement, and parasitic motion

As illustrated in Fig. 14, both the output displacement and parasitic motion increase simul-
taneously, yet the slope of the output displacement curve is significantly steeper. This indicates
that the desired motion strongly dominates over the parasitic component, thereby confirming
the superior motion accuracy of the mechanism and its suitability for precision engineering
applications.

To further substantiate the validity of the proposed design and its analytical modeling,
a quantitative comparison between theoretical predictions and numerical simulations was
conducted. Table 8 presents a comparative analysis of stiffness and natural frequency values
obtained from both FEM simulations and theoretical calculations. Noticeable discrepancies are
observed between the two methods: the FEM predicts a stiffness of 2.46 N/um, which is ap-
proximately 15.72% higher than the theoretical value of 2.08 N/pum. Similarly, the FEM-derived
natural frequency of 1289.3 Hz exceeds the theoretical estimate of 1171.07 Hz by 10.10%. These
deviations emphasize the inherent limitations of analytical models in accurately representing
the detailed structural responses that can be captured by FEM simulations. The discrepan-
cies primarily originate from simplifying assumptions in the theoretical formulations, such as
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idealized geometry, homogeneous material properties, mesh sizes, and restricted boundary
conditions or degrees of freedom. Nevertheless, the magnitude of the observed errors falls
within an acceptable range and aligns well with the deviations reported by W. Chen, Shi, et al.
(2013b), Lai et al. (2012), Y. Li and Xu (2011), and Wan and Xu (2016), thereby validating the
reliability of both the theoretical and numerical approaches.

Table 8. Error analysis of stiffness and frequency between FEM and theoretical models

Model Stiffness (N/um) Frequency (Hz)
FEM analysis results 2.46 1289.30
Theoretical analysis results 2.08 1171.07
Error between FEM and theory (%) 15.72 10.10

The acceptable agreement between the FEM results and the theoretical results in Table 8
confirms that the approach used in this study provides a relatively accurate description of the
FTS behavior. This agreement establishes a reliable basis for evaluating the practical performance
of the design.

In addition to this verification, the comparison of the proposed FTS mechanism with
previously published designs helps to support the reliability of the approach. For this purpose,
Table 9 summarizes a comparative performance analysis including key metrics such as natural
frequency, stiffness, travel capacity, and parasitic motion. By placing the present results next to
previous representative works, it is clear that the proposed mechanism achieves a well-balanced
combination of high dynamic bandwidth, adequate stiffness, and low parasitic motion. These
comparison results demonstrate that the proposed design is not only competitive but also
well suited for fast tool servo applications requiring high precision, stability, and frequency
performance.

Table 9. Performance comparison with existing compliant FTS designs

Work Parasitic (%) Natural frequency (Hz) Stiffness (N/pum) Stroke (um)
Liang et al. (2017) - 316.84 - 258.3
Yong (2020) 0.03 - 8.28 1000
Zhao et al. (2023) - 1250 48.08 15
J. Liu et al. (2022) 0.174 956.21 2.748 36.39
Wu et al. (2025) - 1160.75 3.37 39.79
This work < 0.02 1289 2.47 6

Furthermore, Y. Chen et al. (2017) reported that, in ultra-precision diamond turning, the
material removal rate is extremely small and the corresponding cutting forces typically range
from only a few tens to a few hundreds of millinewtons. Hence, as indicated by Zhou et al.
(2022), an operational load capacity of approximately 5 N is generally sufficient for practical
micro-cutting conditions and provides a broad safety margin for flexure-based structures. To
further verify the robustness of the proposed mechanism, an axial Z-direction load of 15 N,
substantially higher than typical micro-cutting thrust forces, was applied at the tool tip in an
auxiliary FEM simulation. The resulting maximum von Mises stress was only 5.42 MPa, which is
far below the yield strength of Al7075 (503 MPa) and even lower than the stress levels observed
under the primary Y-direction actuation. These results confirm that axial cutting loads do not
pose any structural risk to the mechanism and that the proposed compliant FTS maintains fully
elastic behavior under both nominal and worst-case micro-cutting conditions.
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7. CONCLUSIONS

This study presented the design, modeling, and performance evaluation of a symmetric,
fully compliant Roberts-based linear guide tailored for high-frequency FTS applications. Lever-
aging a four-branch symmetric configuration, the proposed mechanism enables highly accurate
linear motion with substantial suppression of parasitic errors while maintaining compactness
and structural integrity. The compliant Roberts-based topology demonstrated clear advantages
in stiffness uniformity, motion accuracy, and dynamic robustness compared with conventional
flexure-based FTS designs.

A comprehensive analytical framework based on the PRBM and Lagrangian dynamics was
developed to estimate the stiffness, equivalent mass, and natural frequency of the mechanism.
The analytical predictions showed good agreement with the FEA results, with deviations
of 15.72% in stiffness and 10.10% in natural frequency, well within the acceptable range for
compliant mechanism modeling. This consistency confirms the validity of the theoretical model
and its suitability for preliminary design and optimization.

Performance evaluation revealed that the mechanism exhibits a highly linear force—
displacement relationship, with a constant stiffness of approximately 2.46 N/pm. The par-
asitic motion remained extremely low (< 0.02%), verifying the effectiveness of the symmetric
multi-branch architecture in suppressing undesired lateral and rotational components. More-
over, the maximum stress under operational loading was only 8.5 MPa, substantially below the
yield strength of Al7075, indicating a high safety margin and excellent structural durability. The
first natural frequency reached 1289 Hz, surpassing most compliant FTS mechanisms reported
in the literature and satisfying the requirements for high-bandwidth diamond turning.

A comparison with existing designs further demonstrated that the proposed mechanism
achieves a balanced combination of high dynamic bandwidth, low parasitic error, and com-
petitive stiffness, positioning it as a strong candidate for next-generation ultra-precision FTS
platforms. These results confirm that symmetric compliant Roberts-based mechanisms hold
significant potential for high-frequency, high-accuracy machining applications. Future work
will focus on multi-objective geometric optimization to enhance bandwidth and displacement
performance, prototype fabrication followed by experimental validation, and integration with
real-time sensing and control strategies to enable closed-loop operation in ultra-precision dia-
mond turning.
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