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Abstract. In the present study, the free vibration of cracked temperature-dependent functionally
graded Euler-Bernoulli beams is addressed using the power law of material gradation and double
spring model of a transverse open crack. Under the assumptions of ignoring inertia for rotation
and axial deformation, discomposed longitudinal and bending vibrations are investigated for
temperature-dependent multiple-cracked functionally graded beams. Hence, the effect of the
material gradation index, temperature rise distribution, and cracks on the natural frequencies
of the decoupled vibration modes is examined. Numerical results show that the longitudinal
wave speed and the natural frequencies of both the longitudinal and bending vibrations decrease
with an increasing material fraction index and temperature rise. It is also revealed that there is
a significant effect of material gradation and temperature on the sensitivity of the beam natural
frequencies to crack location and depth.
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1. INTRODUCTION

Functionally Graded Material (FGM) is usually made of ceramics and metals with the aim
of simultaneously increasing thermal protection and load-carrying capability of FGM structures
working in a harsh thermal environment. Since 1984 when FGM was discovered in Japan as a
novel composite, FGMs and FGM structures have become the subject of intensive research in the
modeling and analysis of these structures. The essential results recently obtained on the subject
are presented by Birman and Byrd (2007), Gayen et al. (2019), Gupta and Talha (2015), Singh
and Sharma (2019), and Zahedinejad et al. (2020). A short overview given below is concerned
with the vibration problem of functionally graded beam (FGB) structures subjected to thermal
load and damage such as cracks.

Irrespective of which beam theory (Euler-Bernoulli, Timoshenko or higher-order shear
deformation beam theories) is used for modeling FGBs, the longitudinal and bending vibration
modes in an FGB have been affirmed to be coupled (Aydogdu & Taskin, 2007; Jin & Wang,
2015; Pradhan & Chakraverty, 2013; Su & Banerjee, 2015) except some cases. First, using
Timoshenko functionally graded beams, Huyen and Khiem (2017) have proved that when
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the so-called proportional condition (E;/p; = E;/py) is fulfilled, longitudinal and bending
vibrations are completely uncoupled. Second, under the assumption of no axial force applied,
Li (2008) established purely bending equations of motion that are valid for the analysis of
both Timoshenko’s and Euler—Bernoulli functionally graded beams. However, in the latter
study, the author did not account for the physical position of the neutral axis which may have
a significant effect on the vibration of the FGB. The neutral axis position has been used for
calculating the effective mass and stiffness of a functionally graded beam, the bending vibration
for which is represented exactly in the same form as is well known for classical homogeneous
Euler-Bernoulli beams (W. R. Chen & Chang, 2017). Though this approach is rather simple in
the vibration analysis of FGBs, it has been validated by a good agreement in the comparison
of natural frequencies calculated with such a simplified model and a standard one of FGBs.
Moreover, the simple model was applied by Aydin (2013) and Yang and Chen (2008) for studying
the purely bending vibration of cracked FGBs and it allows one to expose the typical effect
of cracks on the natural frequencies of FGBs. Free vibration of cracked functionally graded
beams was thoroughly investigated within the Timoshenko beam theory by Khiem et al. (2017)
and Khiem (2022). However, axial and flexural vibration modes are still strongly coupled
so that the behavior of the axial vibration mode has not been comprehensively investigated.
Sherafatnia et al. (2014) have established equations for the vibration of cracked FGBs using
various engineering beam theories such as the Euler-Bernoulli, Rayleigh and Timoshenko beams,
but the axial vibration components are still not specifically examined. Thus, it can be noted
here that most studies on the vibration of FGBs either ignore the longitudinal wave or keep it
as an implicit vibration component, focusing major attention only on investigating the flexural
mode. The present study aims at fulfilling this gap by investigating uncoupled longitudinal and
flexural vibrations of cracked FGBs.

As FGM is usually made of ceramic and metal constituents to increase thermal resistance
of the material, studying dynamical characteristics of FGM structures under thermal load is
of great importance. The effect of temperature on the dynamics characteristics of FGM beams
was studied in a wide literature, for instance, by Alshorbagy (2013), J. Chen et al. (2018), Gayen
(2024), Hai et al. (2025), Mahi et al. (2010), and Trinh et al. (2016). Namely, Alshorbagy (2013)
demonstrated that dimensionless natural frequencies decrease with an increase in both the
material distribution index and temperature, and the temperature effect on high frequencies
is greater than on the lower ones. Mahi et al. (2010) formulated the thermo-mechanical free
vibration problem of symmetric FG beams based on different high-order shear deformation beam
theories and various laws of material gradation such as the Power, Exponential and Sigmoid ones.
J. Chen et al. (2018) investigated variations of the fundamental frequency of FGM beams with
general boundary conditions based on the different high-order shear deformation beam theories
and various temperature distributions including the uniform, linear, and nonlinear distributions
across the beam thickness. Both the free vibration and thermal buckling of FGM beams were
studied by Gayen (2024) and Trinh et al. (2016), where Gayen (2024) concluded that the material
and temperature parameters have a comparatively high impact on the thermo-elastic behavior
of circular FG beams. Trinh et al. (2016) demonstrated that temperature dependent solutions are
significantly lower than those of temperature independent ones, especially for thick beams. The
effect of neutral axis position on vibration of temperature-dependent functionally graded beams
has been examined recently by Hai et al. (2025), who stated that not only actual position of neutral
axis but also nonlinear distribution of temperature field should be considered if the temperature
change amount is greater than 800 K. Concerning cracked FGM structures under thermal load,
to the authors’ knowledge, there are some published studies on the vibration of cracked FGM
plates (Minh & Duc, 2021; Natarajan et al., 2011) and micro- and nano-beams (Aria et al., 2019;
Esen et al., 2021). Elaikh and Agboola (2022) investigated the transverse vibration characteristics
of a cracked axially moving functionally graded beam under thermal load and Huyen et al. (2025)
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studied the coupled effect of cracks and temperature on the natural frequencies of functionally
graded Timoshenko beams. In the latter work, both axial and flexural compliances of the double
spring crack model have been studied in dependence upon not only the material gradient index
but also the temperature rise. Nevertheless, to the authors” knowledge, uncoupled vibration
modes in cracked functionally graded Euler—Bernoulli beams with temperature-dependent
properties have not been found in the published literature.

Thus, in the present study, the free vibration problem is formulated and solved for cracked
temperature-dependent functionally graded Euler—Bernoulli beams using the power law of
material gradation and a double spring model of a transverse open crack. Under the assumptions
of ignoring inertia for rotation and axial deformation, discomposed longitudinal and bending
vibrations are investigated for temperature-dependent multiple-cracked functionally graded
beam. Hence, the effect of the material gradation index, temperature rise distribution and
cracks on the natural frequencies of the longitudinal and bending vibration modes is examined.
Numerical results show that the longitudinal wave speed and the natural frequencies of both
the longitudinal and bending vibrations decrease with an increasing material fraction index and
temperature rise. It is also revealed that there is a significant effect of material gradation and
temperature on the sensitivity of the beam natural frequencies to crack location and depth.

2. MODEL OF TEMPERATURE-DEPENDENT CRACKED
FUNCTIONALLY GRADED BEAMS

Central axis

Neutral axis i
The o x il —I;J

Fig. 1. Model of functionally graded beam

Consider a beam of length ¢, cross-section area A = b x h, as shown in Fig. 1, that is made
of FGM with material properties varying along the thickness by the power law
P(z,T) = Py (T) + [P (T) = B, (T)] (z/h +1/2)", —h/2<z<h/2, M

where P stands for E, G and p, the elasticity, shear modulus and material density at the top (with
index t) and bottom (with index b) respectively; z is the ordinate from the central axis, T is the
temperature field. The dependence of material properties on temperature is defined by

P(T) =Py [PyT +1+ AT+ BT + BT, 2

with coefficients Py, P_1, P1, P>, P53 given specifically for material constituents (Table 1).
According to the Euler-Bernoulli beam theory, when shear deformation is ignored, the
displacement field in the cross-section at x is represented by

u(x,z,t) = up(x,t) — (z—ho)owo(x, t)/dx, w(x,z,t) = wo(x,t), 3)

with ug(x,t), wo(x,t) are displacements of neutral axis located at the high hy from the central
axis that is determined by Huyen and Khiem (2017) as

ho = /h/z E(z, T)zdz/ /h/z E(z, T)dz. 4)

—h/2 —h/2
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Table 1. Temperature dependent materials constants (Alshorbagy, 2013)

Material Properties Py P4 P P P
E (Pa) 348.43¢° 0 —3.070e~* 1.260e 7 —8.946¢ 1
v 0.24 0 0 0 0
SizNy w (K™h 5.823¢7° 0 9.095¢ 4 0 0
o (kg/m®) 2370 0 0 0 0
k 9.19 0 0 0 0
E (Pa) 2.01¢etH 0 3.08¢ 74 —6.534¢77 0
v 0.3262 0 —2.002¢7* 3.797¢~7 0
SUS304 a (K™ 1.233¢7° 0 8.086¢ 4 0 0
o (kg/m?) 8166 0 0 0 0
k 12.04 0 0 0 0
E (Pa) 349.55¢ 17 0 —3.853¢ 4 4.027¢~7 —1.673¢ 10
v 0.26 0 0 0 0
AlL,O3 a (K1) 6.826¢° 0 1.838¢74 0 0
o (kg/m®) 3800 0 0 0 0
k —14.087 0 0 0 0
E (Pa) 244.27¢ "7 0 —1.371e73 1.214¢7 —3.681e1°
v 0.2882 0 1.133¢ 4 0 0
Zirconia w (K1 12.766¢° 0 —1.491¢73 1.006e > —6.778¢ 1
o (kg/m®) 5680 0 0 0 0
k 9.19 0 0 0 0
Therefore, the constitutive equations take the form
auo E)zwo
Sx == g—(z— O)T_XQ’ UX :E(Z,T)Sx. (5)
The stress due to the temperature rise is
ol = —E(z,T)a(z,T)JT, (6)
where a(z, T') is the thermal expansion coefficient and 67 is the distributed change in temperature

defined in Appendix A.
Using the constitutive equations (3), (5) and (6), the strain and kinetic energies can be
calculated as

1 1

()
1 /L
=5 /0 Auf, — 2 A1 xWo xx + AW o — Ar(uf  + w,)]dx,

1 L Y H . . .
K = 5/0 [Ill (u% + w%) — 2112M0w0,x + I22w%,x] dx, (8)



Uncoupled vibrations in cracked functionally graded beams with temperature-dependent properties 5

where 19,y = dug/9x, Wy = 0w/ OX, Woxx = 9 Wy /X%, 1y = dug/dt, Wy = dwy/dt, ..., and

h/2 2
{An,Alz,Azz} = b/ E(Z, T) {1,2—]’10, (Z—ho) }dZ,
—h/2
12 )
{h1, Ly, I} =1 /_h/ZP(Z),Z — ho, (z — ho)?dz,

Ar=b /_ hh/jz E(z,T)a(z T) 6T (z) dz. (10)

Now, using the Hamilton principle allows one to derive the equations of motion for the
beam in the form

Lipiig — Iip@Wox — (A11 — A7) Ugxx + A12W0,2xx = 0,

y . ; 11
Lt — hotiox + I2to,xx — A12toxxx + A22Wo,xxxx — ATWoxx = 0. (1
By the Fourier transformation
{U(x,w),W(x,w)} = / {ug (x,t),wo (x, )} e~ "“dt.
Eq. (11) becomes
(A — Ap)UY, + W?InU — AW, — w? W, = 0, 12
2

AW — (Pl + A7) WY, — P InW — ApU”, + I, = 0.

Furthermore, suppose that the beam contains an open transverse crack at the positions
ej,j =1,2,...,n and the crack is modeled as shown in Fig. 2 by a pair of springs of stiffness T, R.
For the crack model the solution of Eq. (11) must satisfy the following conditions at the crack
positions (Khiem & Lien, 2001)

U(ej+0) = U(e; — 0) + 74Uy (ej), Uy(ej+0) = Uy(ej—0), (13)
W(Ej + 0) = W(Ej — O), W,/C/x(e]' —+ 0) = W;’x(ej — 0),
Wi(ej +0) = Wilej — 0) + 15Wix(ej),  Wike(ej +0) = Wiy (e; —0), (14)
where
Yaj = An/Tj, 1o = A2/ R;, (15)

are the so-called axial and rotational compliances of the crack that could be calculated from the
crack depth as follows.

I I
| WA
- T

() (b)

Fig. 2. Model of open edge crack in FGM beam

Note that in the case of a homogeneous temperature-independent beam the crack compli-
ance is denoted by <,, 7, and calculated as

vy = EgA/T =21t(1 — v})hyfala/hy), vy = Eol/R = 671(1 — v3)hy fy(a/hy), (16)
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where Ey, A, I are the Young’s modulus, cross section area and moment of inertia of the homo-
geneous beam respectively and the functions f;(z), fy(z) are given by Chondros et al. (1998a,
1998b)

fa (z) = 2%(0.6272 — 0.17248z + 5.921342% — 10.70542> + 31.5685z* — 67.472°
4 139.1232° — 146.6822” + 92.355228),

fo(z) = 2%(0.6272 — 1.04533z + 4.59482% — 9.97362° + 20.2948z* — 33.0351z°
+ 47.10632° — 40.755627 + 19.62%).

Using the notation Eg = (E} 4 E}) /2 the FGM beam’s crack compliance can be rewritten as
Yo = (An/EoA) (BoeA/T) = gu (p EL L) va (a),

Yo = (Az2/Eol)(Eol/R) = gu (p,ELE} ) vy (a),

17)

(18)

(19)

with the notations
P <p, E, Ef) — A <p, E, Ef) JE0A, @y <p, Et, Ef) — Ay (p, Ei,Ef) JEol.  (20)

3. FREE VIBRATION OF CRACKED FUNCTIONALLY GRADED
EULER-BERNOULLI BEAMS

Since the exact position of the neutral axis has been determined from condition (4) that
simply results in A1, = 0. Additionally, the inertia terms of rotation @y and axial strain iio , are
usually ignored in the Euler-Bernoulli theory, so that the equations (12) would be reduced to

(A — AU, + w1 U =0, (21)
AW 4 (Wl — A1) Wy — w?InW = 0. (22)

The equations show that the longitudinal and bending vibrations of functionally graded
Euler—Bernoulli beams are decoupled, and Eq. (21) and Eq. (22) can be separately investigated.
In the case of multiple cracked beams, the solution of Eq. (21) is subjected to conditions (13) and
the solution of Eq. (22) is subjected to conditions (14).

3.1. Longitudinal vibration

First, the equation of longitudinal vibration in beams (21) can be rewritten as

Ul +A2U =0, A=/(In/(Au - Ar)), (23)

that describes the elastic wave propagating in a functionally graded rod. The equation should
be solved in combination with boundary conditions and conditions (13) in the case of cracked
beams.

Next, for finding the general solution of Eq. (23) satisfying conditions (13), it can be proved
that an arbitrary solution of Eq. (23) satisfying conditions (13) is represented as

n
L(x) = Lo(x) + )_ pajK(x — ¢)), (24)
j=1
where Ly(x) is a continuous solution of Eq. (23) without cracks, and K(x) is the function
> i >
K(x) = cos(Ax), forx >0, K'(x) = —A sin(Ax), forx >0, 25)
0, for x < 0, 0, for x < 0.

and

j—1
Haj = Vaj [Lé(é’j) —A ) mesinA(e; - ek)] : (26)
k=1
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Namely, since cos Ax,sin Ax and Lo(x) are all solutions of Eq. (23), the expression (24) is
a solution of that equation everywhere in the beam span (0, ) except at the crack locations
ej,j =1,2,...,n, where the following conditions must be satisfied:

L(e]- + 0) = Lo(ej — 0) + ’)/ajL/(E]'), L/(e]- + 0) = L’(e]- — 0) (27)
Noting that for a continuous function Lo(x) we have Lo(e; +0) = Lo(e; —0) = Lo(e;).
Therefore, using Eq. (24) we can calculate
j—-1
L'(ej +0) = Ly(e; —I—ZyakK (ej4+0—ex) = Lo(e)) /\Zyaksm)t( ex) = L'(ej—0),

and
-1
L(ej+0) = Lo(e;) —|—ZyakK(e]—|—O—ek)—L0 ej) AZyukcos)\( ek) + Haj
j—1
= L(ej — 0) + 74 |Lo(ej) — A Y parsinA(ej —ex) | = L(ej —0) 4+ L(ej — 0) + 4iL(e;)".
k=1

So, conditions (27) have been proved, and the expression (24) is really a solution of Eq. (23)
satisfying conditions (13) at the crack locations.

On the other hand, it is obvious that the functions cos Ax, sin Ax are independent continuous
solutions of Eq. (23), so that putting these functions into (24) instead of the solution Lo (x) yields
two functions

Li(x) = cos Ax + Z;;l piK (x —ej), Lp(x) =sinAx + Z;l:1 oK (x —ej), (28)
with function K(x) defined in (24) and

]/ll]' = —/\’)/a]' [Sil’l /\6] + E;{;ll Wik sin A (6] — ek)] , ]42]' = )\’)’u]' [COS Ae]- — Z;::ll Uok sin A (8] — ek)} .

(29)
Note, the so-called damage index vectors u; = {p1, - .., ],t,-n}T,i = 1,2 can be calculated as
ui=A"'b;, (30)

where
by = —A{ymsinAey, ..., Yan sin /\en}T, by = A{7yscosAey, ..., Yan COS /\en}T,
A=lap=1j=kay=0k>ja=AsinA(¢ej—e),k<jjk=1,..n].
Thus, the general solution of Eq. (23) satisfying conditions (13) is found in the form
U (x,w) = AL; (x) + BLy (x), (31)

where A, B are constants determined from the given boundary conditions and the functions
L1(x), La(x) are determined by Egs. (24)—(26). This is the general shape of the longitudinal
vibration of cracked beams that can be used for deriving the frequency equation as follows.

Assuming the boundary conditions for the vibrating beams are given by U")(0,w) =
0; U (¢, w) = 0, which allow one to obtain the frequency equation in the form

L (0,w) L (4, w) — L (0,w0) L7 (£, w) = 0, (32)

L), L1 denote the p, g-order derivatives of the function L(x, w) with respect to x. For example,
the frequency equation for cantilever beams is

cos AL — Y ppisinA (£ —e;) = 0. (33)
=1
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Obviously, the effect of crack position and depth appears through the damage indexes puj,
while the material and temperature affect the beam’s natural frequencies sought from Eq. (32)
via the constants Aq; and Iy calculated by Eq. (9).

3.2. Bending vibration

Note first that seeking the solution of Eq. (22) in the form W(x,w) = Cet* allows for
obtaining four independent continuous (without cracks) solutions of the equation as

(P()l (x,cu) = coshklx, (P()z (x,cu) = sinhklx, gbog (X,CU) = COS kzx, 4)04 (x,cu) = Sil’lkzx, (34:)

where

1/2
kl = { I:\/(wzlzz — AT>2 + 4w2111A22 — ((Uzlzz - AT):| /ZAZZ} ’

1/2
= { [\/(w”zz — Ar)? + 4wl Ay + (w0?ln — AT)} /ZAZZ} ‘

Now, by analogy to what was accomplished above for the longitudinal vibration, in the case
of the bending vibration, we can prove also that any solution of Eq. (22) satisfying conditions
(14) is represented in the form

¢ (x) +Zﬂb] (x—¢), (35)

where ¢y (x) is one of the continuous solutions (34) and

> ! >
K(x) = S(x), forx >0, K/ (x) = S'(x), forx >0,
0, for x <0,

0, for x <0,
1 k3 k?
S(x)= e (k sinh kyx + E sin kzx) (36)
1 > 1 >
K (x) = S§"(x), forx >0, K" (x) = $"(x), forx >0,
0, for x <0, 0, for x <0,
and -
Hoj = Vbj [4’6’ (¢j) + Z}czl ppcS" (ej — Bk)} . (37)

Therefore, substituting sequentially the functions (34) into (35) one would get four indepen-
dent cracked solutions

4’1(95,60)=<P01+Z;l:1111j1<(x—€j)/ $2(x, w) = poa(x, w) + ]1V21 (x—¢j), (38)
4>3(x,w):4>03+Z;1:1]43j1<(x—e]'), Pa(x, @) = poa(x, W) + ]1V4J (x—¢j),
where
i = o7 [96i(e) + iy S (g —e) |, j=1,.m i=12,34 (39)

Finally, the general solution of Eq. (22) satisfying conditions (14) at the crack locations can
be represented as

W (x,w) = Ci¢1 (x,w) + Cogpz (x, ) + Ca¢p3 (x, w) + Cas (x, w) . (40)
In this case, the damage index vectors (39) are also calculated by equation (30) but with the
following matrices b = { vy (e1), ..., Youdl (en)}T and A = [ay, j,k=1,...,n] with
ap=1,j=k ap=0k>j ap=5"(e—e) k<]
Applying the given boundary conditions for the solution (40) results in the frequency
equations presented below for the conventional boundary conditions.
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Namely, in the case of simply supported beams with the boundary conditions
W(O0)=M(0)=W(L)=M(L)=0,

one would have the equation

[B (w)]{C} = {0}, (41)
for determining the constant vector C = {Cy,2,C3, C4}T , with the matrix
1 0 1 0
k? 0 . 0
[B (w)] = [Bss (w)] = ) 2 (42)

¢ (Lw) ¢ (Lw) ¢3(Lw) ¢s(l,w)
¢l (Lw) ¢5 (Lw) ¢5(Lw) ¢y (L w)
For the existence of a nontrivial vector C, the following condition must be satisfied
det[B (w)] =0, (43)

that provides the so-called frequency equation for finding the natural frequencies wy, wy, w3, . ..
of the FGM beam. In the case of clamped beams with the boundary conditions W (0) = W' (0) =
W (L) = W' (L) = 0, the matrix B(w) in Eq. (43) has the form

1 0 1 0
0 k 0 k
Bec (@)= gy (Lw) g2 (6w) g3(Lw) gy(6w) )
¢1(Lw) ¢ (Lw) ¢3(Lw) ¢3(Lw)
For a cantilever beam, the matrix B(w) is
1 0 1 0
Ber (@)] = [ 4 (¢ % 0 i 5)

# (6w (bw) ¢ (0w) ¢ (L)
1 (Lw) ¢ (Lw) ¢35 (Lw) ¢p (Lw)

4. NUMERICAL RESULTS AND DISCUSSION
4.1. Theory validation

First, for validation of the above proposed theory, the non-dimensional fundamental fre-
quency, @ = w (L2 /h) \/py/ Ep, is computed for a temperature-independent FGM beam made
of Al,O3 at the top and Al at the bottom. In this example, the frequency is computed along
various volume fraction index p and slenderness (L/h) for Euler-Bernoulli beams with simply
supported (SS) and clamped-clamped (CC) ends. Such computed results are then compared
to those obtained by Su and Banerjee (2015) and Hai et al. (2025) for Timoshenko beams, all
presented in Table 2. It is observed that the fundamental frequency of functionally graded beams,
in general, increases with slenderness and decreases as the volume fraction index is growing.
However, there is a noticeable discrepancy between both the frequencies computed for the same
functionally graded Timoshenko beam presented by Su and Banerjee (2015) and Hai et al. (2025).
This is because Su and Banerjee (2015) did not consider the actual position of the neutral axis in
the FGM beam, while Hai et al. (2025) did use the actual neutral axis instead of the central one.
It is clear from Table 2 the well-known fact that both Euler-Bernoulli and Timoshenko beam
theories are equivalent to use for the vibration analysis of slender beams with L/h > 20. For
short or thick beams the Euler—Bernoulli beam theory gives overestimated natural frequencies
and the volume fraction index of FGM makes an insignificant effect on the discrepancy between
natural frequencies computed using the different beam theories. The agreement of the beam
theories applied for computing the natural frequencies of functionally graded beams with simply
supported ends shows to be better than that of clamped end beams. Finally, it must be noted
herein that the natural frequencies of functionally graded Timoshenko beams are computed
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under the coupling of both axial and flexural vibration modes, which are uncoupled for the
functionally graded beams considered in the framework of the Euler-Bernoulli beam theory.
So, the discrepancy between natural frequencies computed by using the Euler—Bernoulli or
Timoshenko beam theories may be caused by the coupling of axial and flexural vibration modes
in functionally graded beams.

Table 2. Comparison of dimensionless fundamental frequency computed with Euler-Bernoulli and
Timoshenko beam theories for simply supported (SS) and clamped-clamped (CC) FGM beams without
crack

L/h p (V.E]) 0.1 0.2 0.5 1.0 2.0 5.0 10.0
Simply Supported (SS) Beam

S&B (Su & Banerjee, 2015) 4.7840 4.5296 4.0590 3.6890 3.3906 3.1088 2.9510
5 EBB (Present) 4.8397 4.5638 4.0191 3.5794 3.2780 3.1050 3.0211
T-beam (Hai et al., 2025) 45213 4.4865 3.9244 3.4633 3.1462 29722 2.8916

S&B (Su & Banerjee, 2015) 5.0010 4.7348 4.2433 3.8586 3.5510 3.2608 3.0959
10 EBB (Present) 49007 4.6233 4.0756 3.6321 3.3255 3.1454 3.0580
T-beam (Hai et al., 2025) 49875 4.6929 4.1039 3.6212 3.2917 3.1158 3.0336

S&B (Su & Banerjee, 2015)  5.0613  4.7918 4.2943 3.9058 3.5957 3.3032 3.1363
20 EBB (Present) 49163 4.6385 4.0901 3.6456 3.3377 3.1557 3.0674
T-beam (Hai et al., 2025) 5.0479 4.7495 4.1531 3.6645 3.3316 3.1553 3.0728

Clamped—Clamped (CC) Beam

S&B (Su & Banerjee, 2015) 9.3380  8.8467 7.9241 7.1772 6.5543 5.9699 5.6680
5 EBB (Present) 10.9266 10.3023 9.0696 8.0756 7.3963 7.0093 6.8216
T-beam (Hai et al., 2025) 9.2882 8.7588 7.7037 6.8251 6.1819 5.7621 5.5697

S&B (Su & Banerjee, 2015) 10.8270 10.5230 9.1864 8.3437 7.6610 7.0184 6.6638
10 EBB (Present) 11.0977 10.4692 9.2281 8.2235 7.5295 7.1226 6.9251
T-beam (Hai et al., 2025)  10.7968 10.1662 8.9065 7.8691 7.1457 6.7325 6.5403

S&B (Su & Banerjee, 2015) 11.3340 10.7310 9.6159 8.7425 8.0434 7.3844 7.0116
20 EBB (Present) 11.1417 10.5122 9.2690 8.2617 7.5639 7.1518 6.9518
T-beam (Hai et al., 2025)  11.3041 10.6381 9.3068 8.2147 7.4664 7.0623 6.8734

Notice: V.EI - Volume fraction index; EBB — Euler-Bernoulli Beam; T-Beam — Timoshenko Beam

4.2. Effect of temperature and material distribution

As shown in Egs. (21) and (22), the longitudinal (axial) vibration and bending (flexural)
vibration in functionally graded beams are uncoupled when the Euler-Bernoulli beam theory is
applied. Moreover, Eq. (21) shows an interesting fact that the natural frequency is decomposed
into two factors, the first of which is the wave number (WN) A and the second one is the

so-called longitudinal wave speed (LWS), c = \/ (A1 — A1)/ 1. Obviously, the wave number
is determined from Eq. (29) which is dependent only on the boundary conditions and cracks
occurring in the beam, while the LWS is completely determined by material properties such as
the elasticity modulus, distributions of mass and material constituents as well as the temperature
expansion coefficient. Therefore, the effect of cracks on the natural frequencies in the longitudinal
vibration of functionally graded beams can be examined independently of material properties.
The volume fraction index p and temperature T make an effect only on the wave speed (LWS).
On the contrary, the material properties, thermal effects and cracks are all mutually affecting
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the beam bending vibration through the so-called frequency equation (41). Thus, the numerical
results provided below in Figs. 3-12 are obtained for a SizN4/SUB304 FGM beam with the
power law of distribution (1) and temperature-dependent properties (2).
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Fig. 3. Effect of temperature rise and volume fraction index p on longitudinal wave speed of FGM beam

Fig. 3 exhibits the change in the longitudinal wave speed due to the volume fraction index
(on the left) and temperature rise (on the right) in the cases of uniform, linear and nonlinear
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temperature distributions, respectively. Visibly, the wave speed is reducing with an increasing
material gradation index (p) and temperature difference (AT = Tiop — Thottom) in all cases of
temperature rise distributions. However, the rate of the LWS reduction is very different for
material gradation and temperature rise. Namely, while the wave speed decreases almost
linearly and slowly as the temperature changes, it is rapidly decreasing with an increasing
material gradation index, especially when the material index is of a small value. Moreover, an
increase in a uniformly distributed temperature reduces the wave speed more than linear and
nonlinear distributions do, and a nonlinear temperature distribution has a less effect on the
wave speed than the linear one.
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Fig. 5. Bending fundamental frequency versus material distribution index in various crack depths

Figs. 4-7 present the fundamental frequency in the bending vibration of FGM beams with
simply supported (SS) and clamped (CC) ends in dependence on the material gradation index,
temperature rise and crack depth and location. Similarly to what was demonstrated above,
the bending fundamental frequency of the beam is also reducing in the same manner as the
number and speed of the longitudinal wave do, when the material gradation index, temperature
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Fig. 7. Bending fundamental frequency versus temperature in various material distribution index

and crack depth increase. A noticeable difference between the variations of longitudinal and
bending frequencies along the material gradation index and temperature rise can be observed
in that the bending frequency of a simply supported beam is slower varying than that of a
clamped end beam. This may be explained by the fact that a simply supported beam has more
freedom degrees in vibration compared to a beam with clamped ends, while the variation of the
longitudinal wave speed is independent of boundary conditions.

4.3. Crack-induced change in natural frequencies of FGM beam

In this subsection, first, the natural frequency of a cracked beam normalized by that of
an uncracked one is examined against crack parameters such as its location and depth. This
nondimensional quantity is usually called the sensitivity of a natural frequency to a crack and
is constrained by 0 and 1. Its maximum value equal to 1 implies that the beam is uncracked
or the crack is not affecting the frequency. The natural frequency sensitivity to a crack is a
useful indicator for studying and using crack-induced changes in natural frequencies for crack
detection problems. However, as shown below, the characteristic is not convenient in examining
the variation of frequencies due to other phenomena such as material properties including the
temperature change. In such cases, the original values of frequencies are examined.
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Fig. 8 demonstrates the effect of crack position and depth on the wave number related
to the fundamental frequency of the longitudinal vibration in an FGM beam with different
cases of boundary conditions. Obviously, an increase in crack depth leads to a decrease in the
wave number except at the middle position on a beam with axial displacements fixed at its
ends, where an occurred crack makes no effect on the wave number. In Figs. 9 and 10, there is
depicted the sensitivity of the bending fundamental frequency to cracks in various distributions
of temperature rise for simply supported and clamped end beams. Fig. 9 shows numerous
curves representing the crack-induced change in the bending fundamental frequency of FGM
beams against crack location and depth under uniformly distributed room temperature.
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Fig. 9. Sensitivity of bending fundamental frequency to crack in case of Uniform Temperature Distribution
(Th = T> = 300 K)

As is well-known, the most sensitive crack location is the middle of both the SS-beam and
CC-beam, and the unaffected crack locations are 0.22 and 0.78 for the CC-beam and the two
ends (0 & 1) for the SS-beam. It can be observed from the Figure that the bending vibration
frequency of FGM beams is much more sensitive to cracks than that of purely steel beams. This
may be a contribution of the ceramic constituent into the FGM properties. Furthermore, it can be
noted from Fig. 10 that in the case of an SS-beam the frequency sensitivity to a crack computed
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Fig. 10. Effect of linear and nonlinear temperature rise distributions on sensitivity of fundamental bending
frequency to crack

as the ratio of cracked and intact beam frequencies is unchanged due to the thermal effect. This
is like the longitudinal frequency, when material and temperature equally affect the frequencies
of cracked and intact beams. So, the effect of the material gradation index and temperature on
the bending frequencies could not be investigated by using the above-introduced sensitivity. It
should be examined by directly solving Eq. (43), the numerical solutions of which, represented

through the nondimensional frequency @ = (L?/h)+/(pop/Ep), are presented in Figs. 11 and 12.

Obviously, an increase in the material gradation index and temperature leads to a monotonic
reduction of the bending frequency but it does not change the frequency variation against crack
location. Nevertheless, as mentioned above, both material gradation and temperature may
increase the sensitivity of the natural frequencies to crack depth.
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Fig. 11. Fundamental bending frequency versus crack position in various material distribution index,
T, =300K, Ty =900K, LTD, a/h = 0.3
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5. CONCLUSIONS

In this paper, a specific model of cracked temperature-dependent functionally graded beams
is conducted with the aim of investigating uncoupled axial and flexural vibrations of the beams
depending on the material gradient index, temperature rise and crack parameters. The power
law of material gradation is assumed, the Euler-Bernoulli beam theory is adopted, and the
Hamilton principle is applied for establishing equations of motion that allow the axial and
flexural vibration modes to be decoupled. Transverse open cracks are modeled by a pair of
springs, the compliances of which are calculated from the crack depth. The longitudinal wave
speed and fundamental frequency in the axial and flexural vibrations are examined along the
material gradient index, temperature rise distributions, and crack depth and locations. The
numerically computed results show a monotonic reduction of the wave speed and natural
frequencies with an increasing material gradient index, temperature rise and crack depth. Crack
location-induced changes in the axial and flexural vibration frequencies are like those obtained
for temperature-independent functionally graded beams.
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APPENDIX A. CALCULATION OF THERMAL-MECHANICAL CONSTANTS

First, using the expression

E(z,T) = Ey(T) + [E«(T) — Eo(T)]V*(2), (A1)

where
V(z) = (; + ;) , Ey(T) = E5(1+4 EST + E5T? + EST®), E/(T) = E5(1+ ELT 4 EST? + ELT®),
(A.2)

with the coefficients E,i, E,f, k =0,1,2,3 given in Table 1 for the chosen top and bottom materials.
The latter expressions allow one to calculate

E(T) = Ep(T) = Ey (1 + EV D1 + Bl 012 4 079, (A.3)
where the following notations are used
EVY —Ey—E), EVY = (ESEL—ESED)/ENTY, k=1,2,3.

Substituting Egs. (A.2) and (A.3) into Eq. (A.1) allows one to express Eq. (19) as
E(xT) = (B + BV (@) + [} + BV ()T()

+B+ BV EIT @) + B+ E TV @I T), (A4)

Ey=rf, EVY=E{", E}=EE, E'"=EEl-EJEl, k=123

Furthermore, using the following expressions

T(z) = Ty + (Tt — Tp)0T(z) = Ty + Ty-10T(2), Ty—p) =Tt — Tp,

N _1\n - n np+1 h/2 N o n
Z 1 |:kt kb:| (Z X 1> Cc= / dZ Z |:kt kb:| )
=onp+11 k h 2 w2 k(z) = p+1 kp

one obtains

with

Z 3 Gy G BV ) 1 BV () (A5)

=0 ny,..., np= 0
where the following notatlons have been introduced

(=" [kt—khr
On = ’
(np + 1)C kb
mg=0, my=np+1, my= (n+n)p+2 mz=(n+ny+nz)p+3.
Using Eq. (A.5), one can calculate the integrals

h/2
/ E(z,T)dz = hyo(p, ES, ES, ..., EL, EY),
—n/2

h/2 ) )
/ E(z,T)zdz = K2y (p, Eb, ... EL EL ... ED), (A.6)
—h/2

h/2 B
/ E(z,T)z?dz = ®yo(p, Eb, ... EL, ES, ..., EY),
—h/2

where
~(t—b)

JE; Ep) = Sp, ... 0 + k , A7
¢0(P t b) ,;)nllwzn:k:o ni ng mk+1 mk+1+}7 ( a)
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18 & myE} (mi+ p)E"
JE, Ep) = = o -+ On k
$1(p B Bo) zkgm;nk:o R e [ R s s sy
(A.7Db)
(m2 +my + 2)E}

3 °° (mk+1)(mk+2)(mk+3)

l/] (p, Et, Eb Z Z 511] . .5nk > _(t—b) (A.7C)
=011, 1=0 [(my + p)> + (my + p) +2]E;

(g 1+ p) (myc+ 2+ p) (my +3 + p)
Using the calculated integrals,

vz = [ (N ae=n [ yray =
/h/Z (Z)Z_/h/z<h+2> “= /Oy A
h/2 . h/2 /5 1\"™" ) 1 - 1 Wm
/_h/zv (Z)Zdz_/h/z <h+2> zdz=h /0 4 <y—2> dy = 2m+1)(m+2)’
h/2 h/2 z ", 1 1\? W3(m? +m +2)
= = d :h3/ M< _> dy = ,
/h/z (z)2°dz = /h/2< ) = oV T2) Y 4(m+1)(m+2)(m+3)
(A.8)

the exact position of the neutral axis (4) and the thermal-mechanical constants (9) can be
calculated as follows:

i (m+1)(m+2)(m+p)Et, — p(2 — m> — mp)EL,

o — ho _ m=0 2m4+1)(m+2)(m+p+1)(m+p+2) . (A9)
h 23: (m+1)E!, + pE?, /

(m+1)(m+1+p)

h/2 L L
An = b/ E(z,T)dz = bhyo(p, E4, EL, ... EL ED),
—h/2

App =0, Ap =Dbh®[yr — 2hoy1 + K],
with the coefficients Ef, ES, ..., E5, ES given above in Eq. (A.4).
Similarly, the temperature-independent constants I11, I12, I> can be calculated as follows:
bh(pt + pps) bh? [P(Pt —p) ]
1= — 2  I,= —h ,
1 )1 b1 | 2(p52) oot + ppy)
bh®  Tp(p*+3p+8)py  12p(pr — pp)ho -2}
— 12 hil .
T |G Es prz et ek
Now we are going to calculate the coefficient of thermal expansion

(A.10)

(A.11)

Iy =

h/2
Ar = b/ a(z, T)ATdz, AT =T(z)— To.

Using the following relatlons
ap(T) = ag(1+aiT), a(T) =af(14+aiT), T(z) =Tp+ (T — T,)6T(z) = Ty + T(;_)0T(2),
the expression a(z, T) = a,(T) + [a(T) — ap(T)]VP(z) can be written in the form
a(z,T) = Ab+ ALDvr 4 (AL 4 AP yrysT, (A.12)
where
AG=ag(1+0Ty), A7 =agai Ty, Ap=ap(l+aiTy), A} = aoai Ty,

AV =al P+ el = A - AL, AP = ol P T, = AL - AL
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Now, substituting the expression for 6T (z) obtained above into Eq. (A.12) yields

a(z,T) = AL+ ASTOVP 4 Y 5, (A vt AUV ympiti), (A.13)
n=0
Therefore, one can calculate
h/2 h/2
Ar = b/ E(z, T)a(z T)ATdz = b/ E(z, T)a(z T)(T — Ty)dz
h/2
h/2
=bT,_ / E(z,T)a(z,T)0T(z)dz
-0/, (z,T)a(z, T)oT(z) (A.14)
b(t—b 2(t—b
REbfl Rr(fl ) Rr(fl )

5 00
— DTy )Y Y Gueeibu

r=1nq,...n,=0

where the following notations have been introduced
R = AbES, ROV = AUTVEL 4 AELTY, R

RYP = ABEY + AYES, RYUTY = ASTVED 4 ABEYTY 4 AUTVED 4 ALESTY,
R = AUTVESD 4 AUTYENY RE = ABEL 4 ALED,

RUED) = A0 ED  pE(D) A UD Ly aBE(D),

R — ATWE(T) L AUTDIE(TN  RED — ABED 4 AYED,

RUED) = AUDEE L AbEUD) | AUBIEL | gREUE)

R — AU-Dp(b) A( B,

RE = AYES, RED = AVUEL ¢ ALESD, RID = AUPESY)
my=np+1, my=(n+n)p+2, mz=(n+ny+nzp+3,

my = (ny+ny+nzs+ny)p+4, ms=(n+ny+nz+ns+ns)p+5.

D) _

(A.15)
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